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Abstract

The main goal of this work is to prove the existence of exotic smooth spheres. These are smooth
manifolds that are homeomorphic but not diffeomorphic to the standard sphere. This was first shown
in the 7-dimensional case by John Milnor in his influential paper [ ], and this work replicates his
construction.

In order to state and prove this result, though, a journey through some background is needed. This
includes singular homology and cohomology theory, Morse theory and characteristic classes. Hence, we
also slightly develop these topics here.

2020 Mathematics Subject Classification. 55N10, 57R19, 57R20, 57R22



Acknowledgements

I would like to thank my advisor Ricardo Garcia Lépez not only for his dedication and commitment
to help me understand and develop the content of this work, but also for the wonderful lectures on
topology and algebraic topology I received from him at the University of Barcelona.

I also thank the Spanish Ministry of Education for providing me with financial support with a colla-
boration fellowship.

Lastly, I appreciate the warm support and encouragement I have received from family and friends
through my entire life.






Contents

Introduction

1 Preliminary topics

1.1 Homology . . . . . . . . .

1.2 Orientation of Manifolds . . . . . . . . . . . . . . ..

1.3 Cohomology . . ... ... ... ... ..
2 Morse theory

2.1 Reeb’sTheorem . . . . . . . . . . . . . . e

2.2 Construction of ]V[/Z ..................................

3 Characteristic classes

3.1 Vectorbundles . . . . . . . . ...
3.2 TheEulerclass . . . . . . . . . e
3.3 Chernclasses . . . . . . e e
3.4 DPontrjaginclasses . . . . ... L Lo o
3.5 The Hirzebruch signature theorem . . . . .. ... ... .. .. ... 0 L.

4 Proof of the main theorem

4.1 Theinvariant 1(M) . . . . . . . e e
4.2 Computation of 2(114/67) .................................
Bibliography

21
21
23
33
37
39

43
43
45

51



Introduction

As John Milnor explains in [ ], back in the 1950’s he was studying 2z-manifolds thatare (z—1)-
connected. His research allowed him to make the following statement:

There exist homotopy 7-spheres that are not diffeomorphic to the standard 7-sphere.

This led him to believe he had found a counterexample to the Poincaré conjecture in dimension 7, as
he assumed that two homeomorphic manifolds are always diffeomorphic. However, using Morse theory,
he managed to show that these homotopy 7-spheres were actually topological 7-spheres, thus proving the
existence of exotic spheres in dimension 7. This is considered to be a remarkable landmark in the history
of differential geometry as it solved an interesting problem and, at the same time, it created a wide scope
of new lines of research.

In this work we start by introducing basic results of singular homology and cohomology in Chapter 1.
These are presented without proofs, but several references are given.

In Chapter 2, we give a small introduction to Morse Theory. In particular, we state and prove Reeb’s
theorem and use it to show that certain smooth 7-manifolds ]VI,Z are homeomorphic to the 7-sphere.
These manifolds will be seen later on to be exotic 7-spheres for suitable values of 4.

In Chapter 3, we define three types of characteristic classes. Namely, the Euler class, the Chern classes
and the Pontrjagin classes. We also state their important properties and give proofs for some of them.
Finally, we partially prove the Hirzebruch signature theorem, as it constitutes a fundamental building
block for Milnor’s construction of exotic 7-spheres.

Having introduced all these topics, in Chapter 4 we use them to finally prove that the 7-manifolds
]WIZ are not diffeomorphic to the standard 7-sphere when kK #1 (mod?7), thus completing the goal of
this work.



Chapter 1
Preliminary topics

This chapterisa review of important definitions and results about homology and cohomology theory.
The content is mostly taken from [ ], but some results, arguments and notation also come from

[ Jand [ ].

1.1 Homology

Throughout this section, let X, Y be non-empty topological spaces and let R be a commutative ring
with unit. Also, every subset of R is assumed to have the induced topology.
We begin with a purely algebraic definition.

Definition 1.1. A chain complex (C., d.) isasequence of R-modules C, and R-linear mapsd, : C, — C,_;
thatsatisty d, ° d,,; = 0. We will sometimes drop the index 7 of the maps d,, and hence we may write

J J
> G, > C,q

n

~

> Gy

to denote the chain complex (C., d.). The n' homology R-module of (C., d.) is defined to be the quotient
H(C) = H(Cod.) = kerd, / imdyyy.

A chain map f. + (C.,0.) — (D.,0.) between chain complexes is a collection of R-linear maps
1, + G, = D, such that the diagram

2 )
> G > G, ?

C._
e e
D, ,

~

>
S

~

commutes. As a consequence, f,(kerd,) < kerd, and f,(imd,,;) < imJ

.1 for every integer 7, so f.
induces R-linear maps in homology

Our first goal is to construct a chain complex (C.(X), d.) for every topological space X, so that the
homology of X can be taken to be the homology of (C.(X), d.). There are several ways to do this if X is
furnished with additional structure. For instance, one may consider simplicial homology for simplicial
complexes or cellular homology for CW complexes. In order to be as general as possible, we will only
consider singular homology, as no additional structure on X is required.

1



2 Preliminary topics

Definition 1.2. Let vy, ...,u, € R** be z + 1 linearly independent points. The n-simplex spanned by
Uy - » U, (denoted [v, ..., v,]) is the smallest convex subset of R™! containing them, namely:

n n
[vgs > 0,] = {z tv, e R”": 2 t=1,2> 0} c R",
=0 =0

i+1

The standard n-simplex (denoted A”) is the z-simplex [¢, ... , ¢,], where¢; = (0,..., 1,...,0). Namely:
A” = {(ZO) ,tn) € R”+1 . 2 tz = ljtl > 0} c Rn+1'
i=0

Definition 1.3. A singular n-simplex is a continuous map A” — X. We denote by C,(X) the free R-
module generated by all singular 7-simplexes and call its elements (singular) n-chains. For an n-simplex
7: A" = X,let o™ : A" — X be the composition map

(€95 s €s -5 €,

()
V W‘wfn]

A1 X

where ¢(’.) :R” > R"is the unique affine map satisfying for0 < j < n —1

We also define the boundary map o, : C,(X) — C,_;(X) by
0,0 = > (-1)'s?
=0

for a singular z-simplex o : A” — X, and we extend linearly to any #-chain.

Lemma 1.4. 9,0,.; = 0 foreveryn > 0.

nn+1

As a consequence, we have a chain complex of R-modules

a+2 an-%—l an a2 ()l aO
- — C,(X) — C,(X) > > G (X)) — G (X) —— 0

that allows us to define the homology of an arbitrary topological space X.

Definition 1.5. Elements of Z, (X) := kerd, are called z-cycles and elements of B, (X) = imd,,; are

n

called n-boundaries. The n”” (singular) homology R-module of X is defined as H,(X) = Z,(X)/B,(X).
If we want to make explicit the ring R we are working with, we will write /, (X; R), C,(X; R) and so on.

Remark 1.6. The previous chain complex can be slightly augmented to

o 9 ¢

where (o) = 1 for every O-simplex o. The homology R-modules of this extended chain complex, H (X)
(or H,(X; R)), are called the reduced homology R-modules and they satisfy

HAX) = Hy(X)®R, ifn=0,
T H (X)), ifn > 0.
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Proposition 1.7. Let X =\ ) X; be the decomposition of X into its path-connected components X, i € I.
iel
(1) There is an isomorphism H,(X) = @ H,(X).
i€l

(i7) Hy(X) = Z@R.

(177) If X is path-connected, then H) (X;Z) = m (X )4,
Definition 1.8. A continuous map / : X — Y induces a family of homomorphisms
C.(f) : C,(X) = C,(Y)

by precomposition. Namely, C,(f) maps ¢ : A” — X to fo : A — X — Y and as usual this is
extended linearly to 7-chains.
This family of morphisms makes the diagram

w2 G () — () — G (X) —2 -

lcmm lcm lc,,,m

w2 C () — G —5 (1) —2 -

commute. Hence C,(f) is a chain map and it induces morphisms in homology H, () : H,(X) — H,(Y).
We may also write £, to denote C,(f) or H,(f) for any value of 7 as long as its meaning is clear from the
context.

Remark 1.9. H, is a covariant functor between the category of topological spaces and the category of
R-modules, ie. H,(id) = idand H,(f¢) = H,(/)H,(¢)forg: X =Y, f:Y — Z.

Theorem 1.10. If two maps f,g :+ X — Y are homotopic, then they induce the same homomorphisms in
homology, i.e. H,(f) = H,(g).

Corollary 1.11. If f : X — Y is a homotopy equivalence, then H,(f) : H,(X) — H,(Y) is an isomor-
phism.

Let us now generalize the definition of homology to that of relative homology.

Definition 1.12. Let 4 < X (with the induced topology) and let C,(X, 4) = C,(X)/C,(A) (where
C,(4) is identified with C,(2)(C,(4)), 7 : A < X the inclusion map). Since d : C,(X) — C,_,(X)
takes C,(A) to C,_; (A), we have well-defined morphisms 0 C,(X,4) — C,_ (X, A) satisfying 52 =0.
Thus, we have a chain complex

5 1 571 5&—1 51 ;0
- C(X,4) —— C,_;(X, 4) > > Co(X,4) —— 0

thatallows us to define the »*” (singular) relative homology R-module of (X, A) as H,(X, A) := ker 5;1/ im én 1
Again, if we want to make explicit the ring R we are working with, we will write H, (X, 4; R), C,(X, 4; R).

Remark 1.13. Let Z, (X, A) be the submodule of C,(X) consisting of the 7-chains « € C,(X) such that
da € C,_;(A). We call its elements relative n-cycles.
Let B, (X, A) be the submodule of C,(X) consisting of the #-chains « € C,(X) for which there is an
n-chain 8 € C,(A4) such that « — 8 is an n-boundary on X. We call its elements relative n-boundaries.
The first isomorphism theorem implies A, (X, 4) = Z,(X, 4) | B,(X, 4), which is sometimes a nicer
description of the relative homology modules.
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Definition 1.14. A continuous map f (X, 4) — (Y,B) (ie. f: X — Yand f(4) < B) induces
a family of chain maps C,(f) : A) — C,(Y, B) by precomposition and this 1nduces homomor-
)-

n

phisms in homology A, (f) : X A ) — H,(Y,B). As before, we may also write £, to denote any of

n
these homomorphisms.

Theorem 1.15. If two maps f,g : (X, 4) — (Y, B) are homotopic through maps of pairs (X, A) —
(Y, B), then they induce the same homomorphism, i.e. H,(f) = H,(g) : H,(X, 4) — H,(Y, B).

Lemma 1.16. A short exact sequence of chain complexes

0— 4 — 3B L sc—o,

where i and j are chain maps, naturally induces a long exact sequence in homology

s H 1) 2 g ) 2 gy — B4 2R g 5 ——

where d : H,(C) — H,_{(A) is the map given by the following diagram chasing: take [c] € H,(C) with
¢ € Z,(C); choose b € B, such that j(b) = c; choose a € A,_; such that i(a) = 0b; define d[c] = [a].

Remark 1.17. Here the word naturally refers to the fact that if

00— 4 — B L sc—50
|
0 v A4 5B L v 0

commutes, then the induced diagram

o —— H(4) 2 b ) 2 () —s H (4) — -

lH lHnw) lH ) lH @)

s H () 205 g8y B () s H () —

also commutes. This property is commonly known as naturality or functoriality in the literature.

Corollary 1.18. For A € X, the short exact sequence

0 — C.(4) —— C.(X) —L= C(X, 4) — 0
(where i is the inclusion and j is the projection) naturally induces a long exact sequence in homology

o H () 2 oy 2 g (x4) —s B (A) — - — Hy(X, A) — 0.

Remark 1.19. Using augmented chain complexes, the previous long exact sequence can be terminated
with
v ——> H(X, A) —— Hy(d) — Hy(X) — Hy(X,4) — 0.

Theorem 1.20. (Universal coefficient theorem for homology) Let (C., 0.) be a chain complex of free Z-
modules and let R be ring. Then, there are natural short exact sequences

0 — H(C)® R — H,(C;R) —> Tor(H,_,(C),R) —> 0

for every integer n and all these sequences split.
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Theorem 1.21. (Excision) Let Z < A € X such that the closure of Z is contained in the interior of A. Then
the inclusion i + (X \ Z, A\ Z) < (X, A) induces isomorphisms in homology

H(i): H(X\Z,A\ Z) — H,(X, 4).

Theorem 1.22. (Mayer-Vietoris) Let A, B € X such that AN B # @ and X is the union of the interiors of
A and B. Then, there is a natural long exact sequence called the Mayer-Vietoris sequence

S H(ANB) —2— H (4) ® H (B) —Y— H (X)
I}

H_(AnB) “2 % H _(4)®H,_,(B) —— H,_,(X

Hy(X) Hy(AnB) ——— Hy(4) ® Hy(B) —— Hy(X) —— 0

where

(i) iy : ANB > Aandig: ANnB > B are the inclusions and ®(y) = (H,(<;)(y), —H,(3)(y)) for
V€ [_]n(A N B);

(1) j; A = Xand g : B> X arethe inclusions and ¥ (a, B) = H,(j,;)(2) +H,(j3)(8) for 2 € H,(A4)
and B € H,(B);

(111) Anyy € H,(X) can be represented by a cycle of the form a + b with a € C,(A) and b € C,(B). Then
take dy = [da] = [-0b].

Remark 1.23. One can analogously define relative Mayer-Vietoris sequences. Let (X,Y) = (AuB,Cu
D) withY ¢ X, C ¢ A, D < B such that X is the union of the interiors of 4 and B and Y is the union of
the interiors of C and D. Then, the relative Mayer-Vietoris sequence is given by

v —— H(ANB,CnD) —2— H (4,C) ® H/(B,D) —— H (X,Y)
0

H,_,(AnB,CnD) = > Hy(X,Y) —— 0.

As an application of these results, let us compute the homology of a point and the homology of the
spheres.

Example 1.24. (Homology of a point) Let X = {p}. Since there is only one map A” — X, we have
C,(X) = R forevery n > 0. The boundary map 9, will then be the identity or the zero map depending

n

on the parity of #. Namely:

" lid, otherwise.

5 - {0, n = 0 ornodd.

Thus, we have the following chain complex

and we finally get
R, n=0
H,({p}) = {0

. otherwise

or simply[z({p}) = 0 forevery z > 0.
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Example 1.25. (Homology of the spheres) By the previous example and Proposition 1.7 we already got

R R, =0.
B =100
0, n> 0.
m R@®R, m=0.
HO(S ) =
R, m > 0.

We now set X = §”(m > 0), 4 = §” \ {north pole}, B = §” \ {south pole}. Notice that 4 and B can
be deformation retracted to a point, so H,(A4) = H,(B) = 0 forn > 0 and Hy(4) = Hy(B) = R. Also
A 0 B can be deformation retracted to the equator, i.e. to §” ~1 We then have a Mayer-Vietoris sequence

>0 —— H,(S") — H, (8" 0
> 0 > H,(S") —— H(S™) 0
H,(S") —— Hy(s"™) 0

In particular, H(S") =H _(S"Yforn=1,m=>1. By induction and the previous facts, we have

R, ifn=m>0,
0, ifn#m.

H,(S") = {

1.2 Orientation of Manifolds

Unless otherwise stated, let A1 be an m-dimensional topological manifold. Given a subspace 4 € M
we will use the notation H, (M| A4;R) = H,(M, M \ A4;R). Whenever A is a single point {x}, we will
write H,(M|x; R) = H,(M|{x}; R).

Remark 1.26. Notice that for x € A we have a chain of isomorphisms

R, ifi=m,

H(M|%R) = H(R”,R” \ {0} R) = H_, (R” \ {0} R) = H_,(S"";R) = {
0, if7# m.

Analogously, for a ball of finite radius B ¢ A, we have

R, ifi=m,
H.(M|B;R) = te=m
0, if7i=#m.

This leads to the following definition.

Definition 1.27. A local R-orientation of M at a point x € M is a choice of a generator (i.e. invertible
element) u, € H,(M|x;R) = R.

Let My = {n, : x € M,pu, € H(M|x;R)}. We wish to equip A with a topology by specifying
a basis of open sets. For every open ball of finite radius B ¢ M and an element xz € H,,(M|B;R), let
Ulug) = {p, € My : x € B, j (ug) = p.} where jg + H (M|B;R) — H,,(M|x; R) is the map induced
by inclusion. The family {U(u)} 5 for varying B and p; is the basis of a topology on A4,. One can check
that this topological space is locally homeomorphic to R”, Hausdorff and second-countable (as long as
R is countable), so My is a topological 7-manifold. Also, the projection p : My — M, p(r,) = xisa

covering space.
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Definition 1.28. A (global) R-orientation of M is a continuous section of p : M, — M that assigns to
each x € M agenerator u, € H, (M |x; R). If M admits an R-orientation, we say that A1 is R-orientable.
If, in addition, an R-orientation of A1 has been fixed, we say that A/ is R-oriented.

Theorem 1.29. Let M be a closed connected m-manifold. Then.:

(1) If M is R-orientable, the map j* : H, (M;R) — H,(M|x;R) = R induced by the inclusion
(M, @) < (M, M\ {x}) is an isomorphism for all x € M.

(iz) If M is not R-orientable, the map j* : H (M;R) — H _(M|x;R) = R induced by the inclusion
] m m )
(M, @) < (M, M \ {x}) is injective with image {r € R : 2r = 0} for all x € M.

(111) H(M;R) =0 fori > m.
Definition 1.30. An element of H,,(M; R) whose image by ;* is a generator of H,, (M |x; R) for every
x € M is called a fundamental class of M with coefficients in R. By the theorem, a connected manifold
M has a fundamental class with coefficients in R if, and only if, it is closed and R-orientable.
Remark 1.31. If R = Z, we will omit any reference to the ring in the concepts defined above and below.
For example, we will simply say orientation, orientable, oriented instead of Z-orientation, Z-orientable,
Z-oriented, respectively.

One can also orientate manifolds with boundary using homology classes. We restrict ourselves to the

differentiable and compact case, as this is the only case we will need for this work. From now on until the
end of this section, let M be a smooth, compact 7-manifold with boundary.

Definition 1.32. An R-orientation of A is an R-orientation of its interior M = M \ oM.
The following result is of great importance for this section and next ones.
Theorem 1.33. (Smooth collar neighborbood) There is an open neighborbood of 0M in M which is diffeo-

morphic to 0M x [0, 1) under a map that identifies )M with 0M x {0}. Such a neighborhood is called a
collar neighborhood of M.

As a consequence, the inclusion M Misa homotopy equivalence.
Proposition 1.34. An R-orientation of M determines an R-orientation of 0. M.

Proofs of these results and of the one below can be found in chapter 21 of [ ].
Proposition 1.35. If M is R-oriented, then the connecting homomorphism

0: H (M,0M;R) — H,_,(0M;R)

of the long exact sequence of the pair (M, 0 M) is an isomorphism.

These last propositions allow us to make the following definition.
Definition 1.36. If M is R-oriented and [dA1] is the fundamental class for dA4 with coefficients in

R, we define the fundamental class of M with coefficients in R to be the unique element [, dM] €
H, (M, 0M; R) that satisfies d[M, 0M] = [0M].
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1.3 Cohomology

Throughout this section let X, Y be non-empty topological spaces and let R be a commutative ring
with unit. The first definitions and results below are purely algebraic with no topology involved.

Definition 1.37. A cochain complex (C",3") is asequence of R-modules C” and R-linear maps 8” : C*~' — C”
that satisfy 0" o 9" = 0. As with chain complexes, we will sometimes drop the index 7 of the maps 0"
and write

. H Cn—l ) > Cn ) > C}’L+1 H .

to denote the complex (C",9°). The 7" cobomology R-module of (C",9°) is defined to be the quotient
H"(C) = H*(C",3") = ker "'/ im §".

Analogously to chain complexes, a cochain map f* : (C°,9") — (D",3") is a collection of R-linear
maps f* : C* — D" such that the diagram

.. H Cn—l > Cn > C}'l+l H .

lfﬂ lfn lfm

. _) Di’l—l 0 >D}’l 0 >Dn+1 % .

commutes. As a consequence, /~ induces well-defined R-linear maps in cohomology
HY(f") s H(C) — H(D)
[e] = [f7(c)]-

Given an R-module 4, recall that its dual is the R-module 4™ := Homp (A4, R). Furthermore, given
an R-linear map « : 4 — B between R-modules, the dual map of « is defined as

a* . B* N A*
prpeoa.
Remark 1.38. Itis worth noting that we can associate a cochain complex (C*, 9") to any chain complex
(C.,0.). Indeed, we may take C” to be C;, and 9" to be d,. A chain map £, : (C.,d.) — (D., d.) may also
be associated to a cochain map f~ : (D°,9") — (C",9") by taking /" to be £,". This construction allows
us to define the »* cobomology R-module of (C., d.) as the n' cohomology R-module of (C",9"), denoted
by H*(C., d.), or simply H"(C).

Homology and cohomology modules of free chain complexes are related by the following result.

Theorem 1.39. (Universal coefficient theorem for cobomology) Assume that R is a principal ideal domain.
Let (C., 0.) be a chain complex where every C, is a free R-module. Then, for every integer n there is a split
short exact sequence

0 —> Extp(H,_,(C),R) — H"(C;R) —2— Homy(H,(C),R) —> 0.

Here, the map b is defined by taking every (@] € H"(C; R) to the assignment
h(lg]) - H,(C) — R
[2] = ([p], [2]) = p(a)
Remark 1.40. The fact that these sequences split implies that
H"(C;R) = Exty(H,_,(C),R) ® Homy(H,(C), R),

so the cohomology modules of a chain complex of free modules are determined by its homology modules,
although not naturally.
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Remark 1.38 also enables us to make the jump to cohomology of topological spaces.

Definition 1.41. The »*” cobomology R-module of X is simply the n'’ cohomology R-module of the
chain complex (C,(X;R), d.).

For clarity, we now unravel this definition. We write C*(X;R) = C,(X;R)" and call its elements 7-
cochains. We call 0" = 9 : C "1(X;R) — C" (X; R) the coboundary map. It explicitly acts on a cochain
p € C"(X;R) by

n+1
op(o) = Z(—l)‘@(a(")), for any simplex 7 : A"*' — X,
=0
Let Z*(X;R) = kerd™*! and call its elements n-cocycles. Let B*(X;R) = im0” and call its elements
n-coboundaries. Finally, the n' cohomology R-module of X is then H”(X; R) = Z"(X; R) | B"(X; R).

Definition 1.42. Let 4 < X. The n** relative cobomology R-module of the pair (X, A), denoted by

H™(X, A;R), is the n* cohomology R-module of the chain complex (C. (X, 4; R), d.) of Definition 1.12.
This definition may be unraveled in a similar manner as the one above.

The following facts are just translations of the results mentioned in Section 1.1 into cohomology.

Definition 1.43. A continuous map f : (X, 4) — (¥, B) induces a chain map C,(f) (ct. Defini-
tion 1.14). By taking the duals C*(f) = C,(f)" : C"(Y,B;R) — C"(X, 4;R), we obtain a cochain
map C’(f) that induces R-linear maps in cohomology H"(f) : H"(Y,B;R) — H"(X, A; R). We may
also denote C*(f) and H"(f) by /™, as long as the meaning is clear from the context.

Remark 1.44. H" is a contracovariant functor between the category of topological spaces and the cate-
gory of R-modules, i.e. H”(id) = idand H"(fg) = H"(¢9)H"(f) forg: X =» Y, f:Y — Z.

Theorem 1.45. If two maps [, g : (X, A) — (Y, B) are homotopic through maps from (X, A) to (Y, B),
then they induce the same homomorphisms in cobomology, i.e. H"(f) = H"(g).

Corollary 1.46. Dualizing the short exact sequence of Corollary 1.18, we obtain a short exact sequence

0 ¢—— C"(4;R) 21— C"(X;R) +L— C*(X, 4;R) +— 0
which induces a long exact sequence in cobomology

o BM(X, 4, R) s (G R) Dy B4y R) —s HPM(X, A3 R) —— -

Theorem 1.47. (Excision) Let Z < A < X such that the closure of Z is contained in the interior of A. Then,
the inclusion i - (X \ Z, A\ Z) < (X, A) induces isomorphisms in cobomology

H"(G) : H'(X, 4;R) — H(X \ Z, A\ Z;R)
foralln = 0.

Theorem 1.48. (Mayer-Vietoris) Let A, B < X such that X is the union of the interiors of A and B. Then,
there is a natural long exact sequence called Mayer-Vietoris sequence

o —— H"(X;R) —— H"(4;R) ® H"(B;R) —— H"(AnB;R)

Hn+l (X; R)
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Remark 1.49. One can analogously define relative Mayer-Vietoris sequences. Let (X,Y) = (AU B,Cu
D) withY ¢ X, C < A, D < B such that X is the union of the interiors of 4 and B and Y is the union of
the interiors of C and D. Then the relative Mayer-Vietoris sequence is given by

w —— H*(X,Y;R) —— H"(4,C;R) ® H"(B,D;R) —> H"(AnB,CnD;R)

Let us now carry on with new concepts that could not be considered in homology.

H"Y(X,Y;R)

Cup product

Definition 1.50. Consider the affine maps

ﬂk,l . Al N A/e+[

determined by
(€)= ¢ for0<i<k,

./ok,l(ez‘) =6 for0 <7 </.

Letp € C*(X;R), Ve C'(X;R). The cup product ¢ ~ ¥ € C**!(X; R) is the (k+/)-cochain determined
by
(P~ ¥)(0) = (e )Y (op0)

for every (k + J)-simplex & : A** — X,

Lemma 1.51. Ler o € C*(X;R), ¢ € C'(X;R). Then

Mo~ y)=dp—y+(-1)'p vy

Remark 1.52. Asa consequence of this lemma, the cup product induces a well-defined, associative and
distributive map
w: H*(X;R) x H'(X;R) — H**'(X;R)

also called cup product. One can analogously define a relative cup product
w: H*(X, A;R) x H' (X, B;R) — H**!(X, 4 U B;R).

Proposition 1.53. Let f : X — Y be a continuous map. Then, for all k, [ > 0, we have

Hk+l(f)(0£ o [B) — Hk(f)(a) ~ Hl(f)((@)

and analogously for the relative case. In fact, this is true at the level of cochains.

Remark 1.54. H* (X, 4;R) = @ H"(X, 4; R) is an associative ring with unit' with product defined by
n=0

(>, ) (ZJ B;) = Zl.j. a; ~ ;. Similarly, we denote by H (X, 4; R) the ring that consists of (possibly

infinite) formal sums a2, + 4; + ..., where 4; € H (X, 4;R). The product on HI1 (X, 4; R) is defined in
the same way.

Proposition 1.55. Letz € H*(X, A;R) and B € H (X, 4;R). Thena~ B = (-1)"g < a.

lor €ven more: an R-algebra
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Definition 1.56. The cross product is the map
H*(X;R) x H(Y;R) > H*'(X xY;R)
(a,0) = ax b= H'(py)(a) ~ H (py) (b)

where py : X xY — X and py : X xY — Y are the projection maps. One can analogously define the
relative cross product

H*(X, A;R) x H (Y, B;R) — H*"(X xY, AxY UX x B;R)

Remark 1.57. Let f; : X; — Y;, 5 : X, — ¥, becontinuousandlet ;' : X,xX, — X, p} : V;x¥; — ¥,
be the projections. Then, the diagram

Ck 1)’<Cl 2)
CHxy) x CL(X,) ) chr) < ()

CH(pi)xCl (pf )l lC" PN*C ()
CHX, x X,) x C' (X, x X,) ¢—— CH(¥; x 1) x C/(Y; x X5)

k+l %

commutes. The middle arrow is C* (fixf)*xC ! (f1%/5)- The upper square commutes because all maps are
induced from continuous maps at the level of topological spaces, where the square clearly commutes. The
lower square commutes from Proposition 1.53. As a consequence, we have the following commutative
diagram in cohomology:

H* (X)) x H' (X)) «— H'(Y) x H' (1)
H* (X x X)) ——— H*' (¥, x ).

Similarly, the diagram in relative cohomology

Hk(X1:A1) XHZ(*XZ’AZ) — Hk(Y1:B1) XHI(Ysz)
H (X, x X, A; x X, U Xy x 4y) —— H™'(Y x Y5, B, xY; UY; x B,)
also commutes.

Cap product

Definition 1.58. The cap product is the R-bilinear map ~: G,(X; R) x Cl(X;R) — G )(X;R) (k= 1)
determined by
7~ =0(0 1) P

forany p € C'(X;R) and any k-simplex o : '
Lemma 1.59. Ler o € G,(X;R), ¢ € C'(X; R). Then

Ao~ @) = (-1)/(07 ~ p — 7 ~ ).
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Remark 1.60. As a consequence of this lemma, the cap product induces a well-defined R-bilinear map
~: Hy(X;R) x H'(X;R) — H,_,(X;R)
called cap product as well. Just as with the cup product, there are also relative cap products
~: H(X, 43 R) x H' (X, 4; R) — Hy_/(X;R),
~t H (X, 4;R) x H (X; R) — H, ,(X, 4;R).
Proposition 1.61. The cup product and the cap product are related by
v(e~p)=(p~¢)(a)
forevery p € CH(X;R), ¥ € C'(X;R), and a € Gy, ;(X; R). In other words, the dual of
Gt (X5 R) 5 G(X:R)

is the map
clx;R) 5 e (x;R).

Poincaré duality

Theorem 1.62. (Poincaré duality) Let M be a closed R-orientable m-manifold with fundamental class
[M] € H,(M;R). Then, the map

D : HY(M;R) — H,,_4(M;R)
ar— [M] ~a

is an isomorphism for every integer k.
There is also a relative version of this.

Theorem 1.63. (Relative Poincaré duality) Let M be a compact R-oriented m-manifold with boundary.
Then, the cap product by [M, 0M] € H,, (M, 0M; R) gives duality isomorphisms

D : HY(M,0M;R) — H, ,(M;R) and D' : H*(M) — H, _,(M,0M;R)
for every integer k.

A proof can be found in chapter 21 of | ].



Chapter 2

Morse theory

2.1 Reeb’s Theorem

The material of this section comes mainly from [ ]. The goal is to prove the following result.

Theorem 2.1. (Reeb) Let M be a compact smooth m-manifold and f + M — R a smooth map with only
two critical points, both of which are non-degenerate. Then M is homeomorphic to the sphere S™.

We start by giving the definitions of critical points and non-degenerate critical points. Unless stated
otherwise, M will be an 7-dimensional smooth manifold and f : A4 — R will be a smooth map.

Definition 2.2. A point p € M is called a critical point of f if the differential

dpf : TyM — Ty R
() = v(e o f)

is zero. This can be stated in terms of local coordinates (x, ..., ™) in a neighborhood U of p by

F a9

ox! ox™

() == 2 (p) = 0.

The real number f(p) is called a critical value of f.

Remark 2.3. Write M* = f “1(—c0,4]. If 2 is not a critical value of f, then AM* is a smooth manifold
with boundary f_l(a). !

Definition 2.4. Let p € M be a critical point. We define a symmetric bilinear map
far LM xT,M — R
by the following steps:
(i) Takeo,w € T,M.
(ii) Choose extensions to vector fields 7, . >

(iii) Take £, (0, w) = 5, (@(f))-

ISee Proposition 5.47 in [ ]. This fact may be seen as a generalization of the regular value theorem.

2Here vector fields are linear maps X : €~ (M) — €~ (M) that satisfy the Leibniz rule X (fg) = X(f)g + /X (g).

13
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One can check that this is well-defined and that for local coordinates (x', ..., x™) in a neighborhood U
of p, the Gram matrix of f,, is
5

0x’ 0x7 % ))

0

with respect to the basis {— J

drey G

ox! P}.

We say that the point p is non-degenerate if f,, is non-degenerate or, equivalently, if the previous

matrix is invertible.
We define the 7zdex of f at p as the maximal dimension of a subspace of T, M on which £, is negative
definite.

Still before giving a proof of the theorem we state and show a bunch of lemmas.

Lemma 2.5. Let V' < R"™ be a convex neighborhood of 0 and f € €~ (V') with £(0) = 0. Then
fog s x,) = Z 2,0, (%15 o0 5 X))
i=1

for some g; € €(V) with g,(0) = %(0)'

Proof. Since V' is convex, all points of the form (zxy, ..., zx,,) for £ € [0, 1] lie in V" (of course as long as
(%, ..., %,,) € V). Now by the fundamental theorem of calculus and the chain rule, we have

1

df (txy, .., ) w1
S5 ,,) = f f(”ﬁdt txm)dt = f Z —f(txl,...,txm)xidt = le. f —f(txl,...,txm)dt.
0 0 0

It suffices then to define g;(xy, ..., x,,) = f

m

1Ky, .5 1X,,)dE. ]

Lemma 2.6. (Morse) Let p € M be a non-degencrate critical point of f. Then there are local coordinates
(&', s y™) in a neighborhood U of p such that y' (p) = 0 and

f :f(])) _ (yl)l - (yl)Z + (yl+1)2 +o+ (ym)Z
throughout U, where A is the index of f at p.

Proof. We divide the proof into two steps. We first show that if such an expression exists, then A is the
index of f at p. Secondly, we show that for suitable local coordinates (yl, ...,¥") such an expression

holds.

Assume there are local coordinates (zl, ...,2") in a neighborhood V" of p such that

F(@) = f(p) = () = . = (Z(9)* + "1 (9))* + .. (" (9))*

J

yeees Som
» 07

0zt

Then, with respect to the basis {i }, /.« has Gram matrix
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So there is a subspace of 7, of dimension 1 on which £, is negative definite (namely, the subspace
(ot 20 30

sy
p %y
inite, then it would intersect { ——=

). If there were a subspace of dimension greater than A on which £, were negative def-

9
bR azm P

reached a contradiction. Thus, A is the index of f at p. This proves the first claim.

For the second claim, start with local coordinates ¢ = (xl, ...,x™) in a convex neighborhood V" of
p- Without loss of generality we can assume that @(p) = 0 (otherwise perform a translation) and that
f(p) = 0. From Lemma 2.5, we have

(f e 2 ) (%, s ;) = Z xjgj(xl, s X))
=1

). But £, is positive definite on this last subspace, so we

J
0z4+1

and

0
- 22
J

since p is a critical point. Therefore we can apply again Lemma 2.5 to the functions g which gives

xl, X Z xl,..., )

Substituting into the previous expression for (f o @~ 1) we have

(fogfl)(xl,.., Zxx (2p5 w5 X))

i,j=1

of

ox/

s=(p) =0

We can further assume that /;; = b, (just replace 4;; by %(lol-j + bj;) and the same expression for f 0!
will hold). A (rather long) computation shows that

0 0
(1,(0)) = (; g;g; (o>)=(§vfﬂ(p>).

Since p is non-degenerate, the matrix (5,;(0)),; <, is invertible (hence non-zero). The rest of the proof
just mimics the usual diagonalization proof of symmetric bilinear forms. We proceed by induction. As-

1., 4" ina neighborhood U] of p such that #(p) = 0 and

sume there are local coordinates # = («",

(F o i) s t) = 200 % 24> s (1 10,)

l]>}"

for (#y,...,u,) € u(U;), where the matrices ([_]z'j(”l’ ey 1,,)) are symmetrlc and (H, y (0)) is invert-

r<i,j<m
ible. Without loss of generality, we can assume that /,.(0) # 0. > Choose a (possibly) smaller neighbor-
hood U, < U of p so that H,.(uy, ...,u,,) # O for (uy,...,u,,) € u(U}). Define new local coordinates
v = (Ul, ..., ") by the equations . .
v =d,fori #r
[_j;r (%1, 2 %m) :|
" + o Lm me
; H (uy,...,1,,)

By the inverse function theorem, there is a (possibly) smaller neighborhood U; ¢ U}, of p on which
(v o u') is a diffeomorphism. On this new neighborhood U}, v = (v}, ..., v™) are then indeed local

(Ur°”1 %D U \/| %D U |

coordinates. Now easy computations yield

(fe v ) (g, s v Z 2+ Z Up o> Upy)

i<r z ]>}"

*Just do a suitable linear (therefore smooth) change in the last 7 — 7 + 1 coordinates (this is possible because (H; i (0)),<; Jjer
is invertible).
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for (vy,...,v,,) € v(U}), where

P]z'r(ul’ B %m)[_]jr(ulﬁ e %m)
H, (41, ...,1,,)

(([—]l/] o (ve u_l))(%l,...,um)) = [_[,j(%la )um) -

isinvertible, which completes the inductive step and finishes the proof.

]

is symmetric and (H;'J (0))

r+1<i,j<m
Definition 2.7. A I-parameter group of diffeomorphisms of M is a smooth map ¢ : R x M — M such
that

(i) foreverys € R,themap @, = ¢(¢, ) : M — M is a diffeomorphism.

(ii) foreveryz,s € R, @, =@, ° 0.

Given such a map @, define a smooth vector field X on M by

- d
X,(f) = ,lil,l},f(%(q)g f(q) _ f(?t(q))

_de.(q)

PP (/)

t=0

=0
for every g € M and f € € (M). The vector field X is said to generate the group @.

Lemma 2.8. A smooth vector field X on M which vanishes outside of a compact set K < M generates a
unique 1-parameter group of diffeomorphisms of M.

Proof. Let @ be a 1-parameter group of diffeomorphisms with generator X. Notice that

de,(¢,(9)) de,.(q) de,(q)
Xoip(f) = e 7 == N=—F (f)-
=0 t=0 t=s
Therefore, ¢ satisties the ODEs
d
% = X, (,) withinitial condition ¢y (g) = g. (*)

It is a standard result in Differential Geometry that these ODEs have a locally unique maximal solution
that is smooth on ¢ and on the initial condition ¢ € M. * More precisely, for each point p € A there
is a neighborhood U, of p and a real number ¢, > 0so that (*) has a unique smooth solution ¢,(g) for
q € U,and lz] < ¢,. This proves the uniqueness part of the lemma.

For the existence part it suffices to show that there exists a 1-parameter group of diffeomorphisms
@ : R x M — M satistying (). Cover K with a finite number of neighborhoods U U, defined as
above. Letgy = min{e, , ..., ¢, }andset ?,(9) = qforq ¢ K,t € R. Then (x) has asmooth solutlon 2,(9)
for g € M and |¢] < g,. Because of local uniqueness, we also have ¢, = @, e @ when |z], |s], |£ + 5| < &,.
In particular, each g, is a diffeomorphism.

Now we just need to define @, for || > &,. Write ¢ as k(¢,/2) + » with k € Zand |r| < g /2. Ifk > 0,

set
2 = (@) ° 7,
If£ <0, set
2= (Pq) " o0
This is well-defined, smooth, satisfies (*) and ¢,,, = @, o @, forallz,s € R. ]

*One can see, for example, Theorem 9.12in [ ].
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Theorem 2.9. Let a < b be real numbers such that f*[a,b] < M is compact and contains no critical
points of f. Then M* is diffeomorphic to M and M is a deformation retract of M.

Proof. Choose a Riemannian metric g(, ») = (s, *) on M. > Consider the vector field grad f determined
by
(v, (grad ),) = o(f)
forevery p € M and v € T, M. Notice that (grad f) , =0 if and only if p is a critical point of f.
Choose a smooth function p : M — R which equals 1/(grad f grad f) throughout the compact
set f a, b] and vanishes outside of a compact neighborhood of f a, b]. Then the vector field

X, = p(g)(grad f),

satisfies the conditions of Lemma 2.8, therefore generates a 1-parameter group of diffeomorphisms @, :

M — M. For every g € M consider the function D, : R — Rgiven by CDq(t) = f(@,(¢)). Notice that,
if 9,(¢) € f'[4,b], then

A%,(0) _df(p.(q)) _ [dp.(q)
;t T o (@rad fg, ) | = (X0 (8rad ) = 1.

Thus the map q)q(t) has derivative +1 when q)q(t) € [a,b]. Now consider the diffeomorphism ¢,_, :
M — M. We claim that it restricts to a diffeomorphism M* — M?. Indeed:

e If g € M, then q)q(O) = f(20(q)) = f(q) € (=0, 4]. Now, if we increase # from 0 to & — 4, then
@, (¢) varies continuously and if D, (¢y) reaches 2 at some point £, then @ (¢) carries on increasing
with constant slope +1, so it can never exceed 4. Hence, f(@,_,(¢)) = ©,(b—a) < band ¢,_,(q) €

q
M.
* If g € M’ asimilar argument shows that p = ¢, ,(¢9) € M*,s0 @,_,(p) = q.
This finishes the first part of the proof.

For the second part, define a homotopy 7 : [0, 1] x AL b by

_, _ g, f(q) < a.
Hg) =rng) {;ot(ﬂ-f(q»(qx a5 flg) <b

By an argument with slopes similar to the one we already used, one can see that 7 is well-defined (i.e. has
image in Mb) and that 7; takes M? to M*. Since r is continuous on the closed sets [0, 1] x f_1 (=00, 4],

x f [, b] separately (and is well-defined on the intersection), it is continuous on [0, 1] x A b,
Because of this and the facts that 7, = idyp, 7, : M — M* and 7 |54 = id ., we have just proven that
M is a deformation retraction of M. O

Now we are ready to give a proof of Reeb’s Theorem.

Proof. (of Theorem 2.1) Since M is compact, f (A1) has a minimum 2 € R and a maximum & € R.
Take p € M with f(p) = a and a chart (U, ¢) about p. Then (f » ¢_1) : o(U) € R” — R reaches
its minimum at @(p), so by standard results of differentiable analysis, @(p) must be a critical point of
(fe gD_l), i.e. p must be a critical point of f. Similarly for a point g € M with f(g) = b. Therefore, the
two critical points of f are p and g.

By Lemma 2.6 we can write

F=a+ (") +..+(y")*inaneighborhood U, of p

>This can always be done. See, for example, Proposition 13.3in [ ].
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with no minus signs because 4 is the minimum of f. Similarly,
f=b- ()/1)2 - ()/m)2 in a neighborhood U, of ¢

Choose ¢ > 0 small enough so that /1*™ = f_1 [2,a + €] lies in U, andf_1 [6 - ¢, b] lies in U, By the
previous expressions for f, M*** and £ -1 [0 — &, b] are homeomorphic to closed m-cells. Furthermore,
by Theorem 2.9, M*** is homeomorphic to AL b=¢ Thus M is the union of two closed m-cells M*~* =
f “a,b—¢]and f b —¢ b) glued along their common boundary. This is a well-known description of
the sphere $” as a CW-complex. In particular, A is homeomorphic to §™. L]

2.2 Construction of ]V[Z

In this section we give a construction of 7-manifolds ]VI,Z for k£ € Z odd and show that they are all
homeomorphic to the sphere s’ just as Milnor did in [ ]. Later on we will see that some of these
manifolds are in fact exotic spheres.

In order to define such manifolds, we need the following lemma.

Lemma 2.10. Let M, M, be smooth m-dimensional manifolds, U; < M; be open subsets and g - Uy — U,
be a diffeomorphism satisfying that every point x € oU, © has a neighborhood V; < M, such that the closure

. . . . . T Mud,
of g(V1 n U)) in M, is contained in U,. Then, the quotient M = —== has a natural smooth structure of
dimension m.

u~g(u)

Proof. Denote M = M, u M,. We start by claiming that the quotient map 7z : M — M is open and
that the restrictions T\ ;,> g, L€ homeomorphisms onto their respective images. Indeed, for an open

subset ¥, € M;, we have 7' (z(V})) = V; U g(V; n U;) which is open in M. Similarly for an open subset
V, € M,. Since m),; and 7, are injective, the second claim also follows. As a consequence, Mis locally
Euclidean and second countable.

Now we check that the space M is Hausdorff, Let pq € ]/14\, p # g. Choose representatives
x,9 € M of p,q, respectively. If x and y belong to the same A4, the result is clear because 7|, Ar€
homeomorphisms. Without loss of generality, assume that x € A, and y € A, and distinguish cases
x € U, M, \ Uy,0U,, y € Uy, M, \ U,, 0U,. Most of these are easily solved, so here we only deal with
the problematic case x € dUj, y € dU,. Take V] < A given by the hypothesis of the lemma. Then,
V, = M, \ ¢g(V; n 1)) is a neighborhood of y and z(V]) n z(V;) = @, as wanted.

Finally, consider the charts on M of the form (#(V), @ e 7r|_V1 ), where (V, @) is a chart on A4, or on

M, . These clearly cover M, so for them to form an atlas we just need to check compatibility. Let (7, )
and (I, ¢) be charts on A4, or on AM,. If both are charts on the same A4, then

(pemy)e(yemy) =gy
is smooth. If (V, @) is on M, and (W, y) is on M, (the other way around is done similarly), then

(¢°7Z'|_V1)°(¢°7f|_wl/)_l:¢°7f|_V}°7f|W°¢_1:¢07f|_;07f|g_1<W) Og_lc:%_l :@og_lo‘sk_l

is also smooth. O]

We now identify the space R* with the ring of quatertions H via

(a,b,c,d) = a+bi+cj+dk

“The notation U here is to be interpreted as the space U\ U. Tt is thus not to be confused with the boundary of a
manifold.
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where /> = j* = k> = ijk = —1. We also identify the sphere > with the unit quaternions
(g=a+bi+cj+dkeH:|q| =2 +0+3+d> =1},
For a quaternion g = a + bi + ¢j + dk we denote its conjugate by g = 2 — bi — ¢j — dk.

Lemma 2.11. Let k be an odd integer. Let b, j be the integers uniquely determined bybh + j = 1,h — j = k.
Then, the map

g (R*N{0}) xS — (R*\ {0}) x §°
(1,0) (u’,z/) ( u o vuf)

b
Jocl® el

is a diffeomorphism. Furthermore, the 7-manifold M, = My = R* x 8> with U, = U, = (R* \ {0}) x S’
and the diffeomorphism g satisfy the conditions of Lemma 2.10. The resulting quotient manifold is denoted
by ]l/IZ.

Proof. Injectivity and surjectivity of ¢ can be easily checked. Smoothness is simply checked by noting
that ¢ can be extended to a map R\ {0}) x R* — (R*\ {0}) x R* thatis clearly smooth. Since g_l

has a similar expression, namely

d () ()

1>

bl

g_l (”’9 UI) =

the same argument applies. Finally, if x € dU}, then x = (0, v) and we can just choose ] = B, (0) x S°,
which gives ¢(V; nU;) < (R*\ B,(0)) xS*> < U,. ]

Lemma 2.12. Define new coordinates (u",v") = (' (V') 0"). The map f ]VIZ — R given by

% ifx = (u,v),
1+ |u
f(x) = M"
R) - z'fx=(u',v').
1+ [|a"||

is well-defined, smooth and has only two critical points, both of which are non-degenerate.

Proof. We start by showing that f(u,0) = f(u',0") for (',0") = g(u,v). We have u" = W (W)t =
=L

"

A h—_ —h
u ou u

s Nl a7 o™h ™ = e so

Tl Hence

[l
b

u v h
we) M) wew )
i+l i la ™ i+ el 1+ )
The last equality follows from

-2h 2h
[

1 b — 1 _
R("ou™") = 3 (ubbu_h +u bvub) =3 (ubvu by — 2

u u

= d"R)u™” = R().

This proves that £ is well-defined.
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Denote the charts of A, by (UL¢.,). Notice that the four charts of 24 of the form (z(U}), ¢, ° 7r|_U1,)

already cover ]l/I/Z. For (w, 5) € R* x R>, we have

1-0a(s)

(F o mun  (@2) ) (wy 5) Zf(W,:I:TO_(S),..,) _ i( 1-o(s)

1+o(s))y1+|w

=.
I

Writing I'(s) = %'8, (w) = m, the Jacobian matrix of this map is
T'(s)wy T(s)w, T(s)wy T'(s)w, 4 4 4
T (w) (1+||w||2 ol of e TPl (Te()?2 (1+w(:))253) )

Notice that this matrix is zero only when (w, 5) = (0,0). Hence, the only critical points of f on 7z (A4;) are
(#,v) = (0, +1). One can easily compute the Hessian matrix and evaluate it at (w, s) = (0, 0) to obtain a
diagonal matrix in which every diagonal element is non-zero. This proves that the points (z, v) = (0, 1)
are non-degenerate critical points. We still need to check that there are no critical points on 7 (A4,). For
(w,s) € R* x R>, we have

(f o muz o (92) ) (ws) = 2 (w)R(w),

where

o = (+T0) 25 2s, 253 )

"14+0() 1+0(s)" 1+ a(s)
and hence ) 2 2
_ 5 5 ’
R(wo') = +w,T . - :
(wv') = +w, (J)+w21+7(5)+w31+a(5) T 6)

(fo T © (@i)_l)(w, $) = 1{(:_)()5) [iwl(l — () + 2w,s; + 2uys, + 2w453] .

Since points of the from (#', v") with %' # 0 are identified with points (%, v) with # # 0, it suffices to
compute the Jacobian matrix and evaluate it at w = #' = 0. Doing so, we obtain

(ir(s) 2 2 2 )

1+o(s) 1+o(s) 1+o(s)
and we already see that the first four terms cannot simultaneously vanish. O]

As ]VI/Z is clearly compact, these lemmas and Reeb’s theorem 2.1 imply what we wanted.

Corollary 2.13. The manifolds ]1/1167 are homeomorphic to s’.



Chapter 3

Characteristic classes

We switch now to a completely different topic. In this chapter, the concept of vector bundle is intro-
duced in Section 3.1. The ultimate goal is to define several characteristic classes, which is done later in
Sections 3.2-3.4. Finally, we state and sketch a proof of the Hirzebruch signature theorem in Section 3.5.

The main reference for the whole chapter is [ ].

3.1 Vector bundles

Definition 3.1. Let B be a topological space. A (real) vector bundle & over B consists of
(i) the given space B, which will be referred to as the base space,
(ii

) atopological space E = E(£) called the total space,
(ili) a continuous map 7 : £ — B called the projection map and
)

(iv) areal vector space structure on the sets 7 (b) for every b € B.

Furthermore, the condition of local triviality must be satisfied. Namely, every & € B has a neighborhood
U < B, an integer # > 0 and a homeomorphism

h:UxR" > 7 1 (U)
so that for every b€ U, the map
by =b(b,+) : R > 77'(d)
x > h(b,x)
is an isomorphism of R-vector spaces. Such a pair (U, b) is called local coordinate system for £ about b.

The vector space 771 (b) is also denoted by £ (£) (or simply £) and is called fiber over b. If U can be

chosen to be the entire base space B, then £ will be called a tr7vial bundle.

Remark 3.2. Because of the local triviality property, 7 is a locally constant function of 4. In our setting,
B will always be connected. Hence 7 will always be a global constant and its value will be specified by
saying that £ is an R"-bundle over B.

Remark 3.3. A smooth (real) vector bundle is a (real) vector bundle for which B and E are smooth man-
ifolds, 7 is a smooth map and the local coordinate systems (U, ) can be chosen so that 4 is a diffeomor-
phism.

Definition 3.4. Let£ and 7 be R”-bundles. A bundle map & — yisacontinuousfunction f : E(§) — E(y)
that maps each fiber £ (£) isomorphically onto one of the fibers Z;, () as R-vector spaces. We setj_”(b) =

b'. The map]_f : B(§) — B(y) is easily seen to be continuous. We also say thatj? is covered by .

21
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Definition 3.5. Two vector bundles £ and 7 over the same base space B are isomorphic (written £ = 7)
if there is a bundle map & — 7 that is a homeomorphism E£(£) — E(») and covers the identity B — B.
Notice that £ is trivial if, and only if; it is isomorphic to £ = R” x B with projection 7 (x, &) = b.

Contructing vector bundles

We now turn our attention to briefly describe how to construct new vector bundles out of old ones.

Definition 3.6. Let £ be a vector bundle over B with projection 7 : E — B and let B; ¢ B. Then,
the restriction 7 : £} — By of w0 E; = 7' (B,) gives rise to a new vector bundle over B; called the
restriction of £ to By and is denoted by £ 5 . The vector space structure on each fiber 7; (£ ) is the same
as the given structure on ().

Definition 3.7. Let £ be a vector bundle over B with projection 7 : £ — B. Let further B; be an
arbitrary topological space and f : B; — B a continuous map. The induced bundle f*& over B is
constructed as follows. Take its total space to be E; = {(b,¢) € By x E : f(b) = m(e)} and projection
m + E; — B, defined by (b, ¢) = b. The vector space structure on each fiber is the obvious one.

Definition 3.8. Let &, & be two vector bundles with projections 7, : E; — B;. The Cartesian product
bundle & x &, is the bundle with projection 7 = 7; x @, : E} x E, — B; x B, and obvious vector space
structure on each fiber.

Definition 3.9. Let &, & be two vector bundles. The Whitney sum bundle £ @£, is defined as d™ (&%),
where d : B — B x B is the diagonal embedding.

Remark 3.10. The motivation behind this notation comes from the fact that the fibers £, (£ @ &) are
canonically isomorphic to the direct sum (&) @ £ (5).

For the next construction, we need first to define what a Euclidean metric on a vector bundle is.

Definition 3.11. A Euclidean vector bundle is a vector bundle £ equipped with a continuous function
¢+ E(£) — R thatis positive definite and quadratic on each fiber. Using a partition of unity, it can be
shown that such a function always exists if the base space is paracompact.

Definition 3.12. Let » be a Euclidean vector bundle over B and let £ ¢ 7 be a sub-bundle, i.e. a vector
bundle over B whose fibers are vector subspaces of the fibers of 5. The orthogonal complement of £ in y
is the sub-bundle £* of 5 whose fibers are the orthogonal complements £ (£)* of £ (£) in F (7).

Remark 3.13. Since the map continuous map f : E(§ @ £*) — E(3), (b,¢,6) — ¢ + ¢ defines an
isomorphism on each fiber = £ (7) = E,(§) @ £,(£"), it follows that 7 = £ @ £*. In words, any Euclidean
vector bundle can be decomposed into a Whitney sum of orthogonal sub-bundles.

Many of these constructions can be generalized as follows. Denote the category of finite dimensional
vector spaces and isomorphisims by %. Let T : % x % — U be a functor. Notice that any finite
dimensional vector space can be naturally topologized. In particular, for any finite dimensional vector
spaces E, F, the set Iso(E, F), being a subset of Hom(£, F), has a natural topology. We further assume
that 7'(f, ¢) varies continuously on f and g in this sense. Given vector bundles &, &, over B, we can then
naturally construct a new vector bundle £ = T'(§, &) whose fibers are £,(§) = T'(F,(£), £(£)). Details
on these assertions can be found in | ] pp. 31-34.
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Orientation of vector bundles

Now, let I be an #-dimensional real vector space. As already said, / has a natural topology, which al-
lows us to define an R-orientation of V" as a choice of a generator of H,(V|0; R). Even more, because
of the universal coeflicient theorem for cohomology 1.39, the map b loc. cit. defines an isomorphism
H*(V'|0;R) = Homy (H,(V|0; R), R). Since H,(V|0; R) = Ris free, for every generator u of H,(V'|0; R)
there is a unique cohomology class # € H”(V|0; R) such that h(x)(z) = (#, ) = 1. One can thus also
define an R-orientation of V" as a choice of a generator of H”(V7|0; R). This last definition is the one we
are going to use in the following sections unless otherwise specified.

Given a subset E' < E of the total space of a bundle, we will denote the set of nonzero elements in £ '
by E,. In other words, Ey = E' \ {p € E' : p = 0 in some fiber F}.

Definition 3.14. An R-orientation for a vector bundle £ over B is a function that assigns an R-orientation
to each fiber, i.e. a choice of a generator #; € H"(F, Fy; R) for every fiber F. This function is also required
to satisfy the following local compatibility condition: for every & € B there is a neighborhood N of 4 and

a cohomology class
ne H (z ' (N), 77 (IN)y; R)

so that, for each fiber F over N, the image of « by the restriction homomorphism

H"(z ' (N), 7" (N); R) — H"(F,Fy; R)

w = W(FE)

induced by the inclusion (F, /) < (7' (N), 7 Y (N )o) equals the chosen generator #;. We say that £ is
an R-oriented vector bundle if an R-orientation has been fixed. As usual, R = Z is to be assumed if no
explicit mention of R is made.

Remark 3.15. If £ is an R-oriented vector bundle and B; < B is a subset of its base space, then the
R-orientation of £ induces an R-orientation on the restriction bundle £ .

Remark 3.16. If a vector bundle is oriented, then it is R-oriented for every commutative ring with unit
R. This can be argued using the following general fact: if A4, is a chain complex of free Z-modules, then

there are well-defined maps
H"(A;Z) — H"(A;R)

that take a cohomology class [@] € H”(A;Z) represented by a cocycle @ : 4, — Z to the cohomology
class [@g] € H"(4;R) represented by the cocycle

or:A4,® R — R
a®r—r-¢(ea))

where ¢ is the unique ring homomorphism Z — R.
Using this fact, one can check that the cohomology classes #; € H”(F, Fy; Z) are sent to generators
of H"(F, Fy; R), also denoted #;, and that the local compatibility condition is still satisfied.

3.2 The Euler class

The aim of this section is to give a proof of the following theorem and to discuss some of its conse-
quences.

Theorem 3.17. Let £ be an oriented R"-bundle over B with total space E and let R be an commutative
ring with unit. Then, & is canonically R-oriented (cf. Remark 3.16) and
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(i) H'(E,Ey;R) =0 fori <n,

(1) there is a unique cobomology class n € H" (E, Ey; R) whose restriction u|(y: ) equals the R-orientation
choice u € H” (F, Fy; R) for every fiber F, and

(iii) for every integer k, the map
H*(E;R) — H"™(E, E;R)
yeou~y
is an isomorphism.
Let us first talk about the consequences of this theorem. A quick one is the following.
Corollary 3.18. (Thom isomorphism) For every integer k, the map
¢ : H*(B; R) — H"™*(E, Ey; R)
x > u— H¥7)(x)
is an isomorphism that will be called the Thom isomorphism.

Proof. Notice that 7 is a homotopy equivalence between E and B with inverse the zero section, so @ is
Py €q
just the composition of the isomorphism in cohomology induced by 7 and the isomorphism of Theorem

3.17. u
Theorem 3.17 also allows us to define the Euler class.
Definition 3.19. Let £ be an oriented R”-bundle over B with total space E. The Euler class of £, denoted
¢(£) € H"(B;Z), is the image of # € H"(E, E; Z) under
H'(E, EyyZ) —— H'(EZ) 2% 1(B;2)

where the left homomorphism is induced by the inclusion (£, @) < (£, E;). The Euler class of asmooth
oriented manifold A1 is defined as the Euler class of its tangent bundle and is denoted by ¢(A1).

The next result is easily proven and, as we will see, it is satisfied for all characteristic classes.

Proposition 3.20. (Naturality) Let &, 3 be oriented R"-bundles. If ¢ = B(£) — B(y) is covered by an
orientation preserving bundle map & — y, then e(£) = H" (¢) (e(%)).

Other important results that are somewhat satisfied for all characteristic classes are the following.
Proposition 3.21. The Euler class of a trivial R"-bundle is zero.

Proof. Use the above naturality property with £ such a trivial bundle and 7 the trivial bundle with a point
as base space. Since the #th cohomology of a point vanishes, the result follows. ]

Proposition 3.22. (Whitney product formula) Let £ and y be oriented vector bundles over B. Then
e(f@y) =ef) —ey)

Here we regard £ @ y as an oriented vector bundle with orientation on F(£) @ F,(y) given by an oriented
basis for I () followed by an oriented basis for F,(y).

Proof. Let n, m be the fiber dimensions of £, 7, respectively. Using the last diagram of Remark 1.57, it is
easily seen that #(£ x ) = u(£) x u(y). Again by Remark 1.57, it follows that e(£ x 7) = e(£) x e(7).
Pulling back by the diagonal embedding 4 : B — B x B and using Proposition 3.20 gives the result. L[]
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Now we carry on by giving a proof of Theorem 3.17. We begin with a bunch of lemmas. Unless
stated otherwise, coefficients in an arbitrary commutative ring with unit are to be considered.

Let ¢ € H'(R,R,) be the cohomology class corresponding to 1 € H°(R,) under the sequence of
isomorphisms

H'(R,) +~— H"(Ry,R_) —— H'(R,Ry)

where the left one is induced by the inclusion (R, @) < (R, R_) (anditis an isomorphism by excision)
and the right one is the connecting homomorphism of the long exact sequence of the triple (R, Ry, R_)
(and it is an isomorphism because A “(R,R_) = 0since R_ is a deformation retract of R). We denote
the n-fold cross product e x ... x e by ¢* € H*(R”,Ryp).

Lemma 3.23. Let X be a topological space and let A < X be an open subset. Then, for every integeri > 0,
the map

H (X, d) —» H""(R” x X,R" x A UR], x X)

a— ' xa
is an isomorphism.

Proof. We proceed by induction on 7. Assume we have already proven the initial case z = 1 and that the
result is true for z — 1. Then, the correspondence @ — ¢” x 4 can be written as the composition of two

1 n—1

isomorphisms 2 = ¢*" xa = ex (""" x a) = ¢" x a, where the equality follows from the associativity

of the cross product. We can thus assume that # = 1 for the rest of the proof.

Step 1: Suppose that 4 = @. Leta € H "(X). We claim that the diagram

H'R,) ¢——— H'R,R)) —— H'(R,R,)

lm Jxa [

H (R, xX) «—— HRyxX,R_xX) — H"(RxX,R, x X)

commutes. Horizontal left arrows are excision isomorphisms and horizontal right arrows are the connect-
ing homomorphisms of the long exact sequences of triples (R, Ry, R_) and (RxX, R(x X, R_xX). The
upper one has already been seen to be an isomorphism, whereas the lower one is also an isomorphism by
an analogous reason. Commutativity of the left square is justified by Remark 1.57. Commutativity of
the right square is argued by Remark 1.57 and also Remark 1.17. Now, we have H*(X) = H'(R, x X)
naturally by the correspondence 2 = 1 x 4. Finally, following the diagram around, we see thate x 2 €
H (R x X, R, x X) is the image of 2 € H' (X) under a sequence of isomorphisms.

Step 2: Suppose that 4 is an arbitrary open subset of X. Letz € Z'(R,R,) bea cocycle representing
¢ € H'(R,R,). Then, the diagram

00— C'(X, 4) > C'(X) > C'(4) —— 0
- I I
0+ CT(R"xX,R"x AURY x X) » C" (R x X, Ry x X) » C* (R x A, Ry x A) + 0

commutes. Indeed, this follows again from Remark 1.57. The upper row is already known to be exact
and the lower one can be easily seen to be. Now, by Remark 1.17, we have a commutative diagram in
cohomology

o ————— H'(X, 4) > H'(X) > H' (4) —— -

lex lex lex

v HTT R x X,R"x AUR] x X) » H""'(Rx X, Ry x X) > H' (R x 4, Ry x A) + --
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in which both rows are exact. Notice that each H* (X, 4) — H'*' (X xR, X xR, U4 xR) is surrounded
by four maps that, by step 1, are isomorphisms. Hence, the Five Lemma ! finishes the proof. O

Lemma 3.24. Let f : (A., o1y — (B.,0%) be a linear map between free chain complexes over Z that
satisfies (0% o f)=s(f- o) for some fixed s = {~1, +1}.2 If f induces isomorphisms in cobomology

H"(f) : H"(B; L) — H"(A; L)
for every integer n and every field L, then it induces isomorphisms in homology
H,(f) : H,(4;R) — H,(B;R)
and in cobomology
H"(f) : H"(B;R) — H"(4;R)
for every integer n and every commutative ring with unit R.
Proof. Denote the boundary maps of the chain complexes 4. and B, by 0 and 9%, respectively. Let
¢/ =4, , ®B, and
o6l —cl,
(a,b) —> (=504, f(a) + 0°b).
Since &« 9] =0, (C/,0/) is a free chain complex over Z, which will be called the mapping cone of f.

One can easily check that the sequence of chain complexes

0—— B sy of — > 4 5 0,

n

where the maps are the obvious ones, is exact. It is not hard to see that the connecting homomorphism
of the corresponding long exact sequence coincides with A, (f) : H,(4; R) — H,(B;R). Hence, H,(f)
being an isomorphism for every integer 7 is equivalent to H, (CT,R) being zero for every integer 7.

Similarly, since the previous short exact sequence splits (notice that 4,,_; is free), its dual is also exact
and we obtain a long exact sequence in cohomology whose connecting homomorphism coincides with
H*(f) : H*(B;R) — H"(A4;R). Hence, H" (f) being an isomorphism for every integer 7 is equivalent
to H"(C;R) being 0 for every integer 7. By hypothesis, the first statement is true for every field L so we
must also have H”(C/; L) = 0 for every integer 7 and every field L. By the universal coefficient theorem
for cohomology 1.39, we have an isomorphism A’ "(Cf;L) = Hom 1 (H, (C/; L), L). Thus, the homology
modules H, (1) = H, (C/ ® L; L) also vanish for every field L.

As already said, it suffices to show that Hn(Cf :R) = H"(C';R) = 0 for every z and every commu-
tative ring with unit R. Let us deal first with the homology case with R = Z. Since H(C'®Q) =0,
every cycle z € Zn(Cf ) has a multiple that is a boundary, so Hn(Cf ) is a torsion group. By a simple in-
ductive argument, it suffices to check that every element of prime order in Hn(Cf ) is actually zero. Let
2€Z, (C7) such that pz is aboundary for some prime p. Then,

pz=0c (%)

for some ¢ € C}{Jr \- In particular, ¢ is a cycle mod p (i.e. applyingZ — Z, to every coefficient of ¢, we

obtain an element of Z,_, ' ® Z,)). Since [—In(Cf ® Z,) = 0, cis also a boundary mod p, so we can
write

c=0c +pc" € CZ;I

ISee [ ] p.129 for the statement and a proof.
2This can be thought as a generalization of the concept of chain map, for which s = +1. In either case, f sends cycles to
cycles and boundaries to boundaries, so f induces morphisms in homology and, similarly, in cohomology.
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' v " e S . ..
forsomec € C,, andsome ¢ € C', ;. Substituting this expression into (x), we get
pz =0(dc" + pc") = poc”.

Hence, z = d¢” is a boundary. This shows that Hn(Cf ) =0.

Now, for a general R, the universal coefficient theorem for homology 1.20 can be used to obtain
Hn(Cf ;R) = 0. Finally, the universal coeflicient theorem for cohomology can be used again to obtain
H"(C;R) = 0. O

Now we will state and prove a series of claims that will combine to yield a proof of Theorem 3.17
in the general case. Notice first that condition (i) is a consequence of (iii), so we will restrict ourselves to

show only (ii) and (iii).
Claim 3.25. Theorem 3.17 is true if £ is a trivial vector bundle.

Proof. We can identify the total space of £ with R” x B (cf. 3.5). By naturality (cf. Remark 1.57), for

every b € B, we have a commutative diagram

H°(B;R) ——— H"(R” x B,R} x B; R)

| |

H°(N;R) ——— H"(R" x N,R} x N;R)

| |

H({b};R) —— H"(R" x {6}, R} x {b}; R)

where NV is a neighborhood of & chosen by the local compatibility condition. The vertical arrows are
induced by inclusions and the horizontal ones are isomorphisms by Lemma 3.23. The neighborhood N
of every b € B is chosen by the local compatibility condition. Let v, € H°({b}; R) be the cohomology
class that maps to the preferred generator n; € H *(R” x {6}, R, x {b}; R) under the bottom horizontal
arrow of the diagram. A representative g, € C O({6}; R) of u, can be thought of as a map {6} — R, or
equivalently, as an element @, () of R. By the local compatibility condition and commutativity of the
bottom square of the diagram, B can be covered by open subsets N ¢ B for which there are cohomology
classes vy, € H"(IN; R) that restrict toy, € H”({b}; R) forevery b € N. This means thatif g, € C°(N; R)
(py : N — R)is a representative of the class vy, then @y (6) = @,(b) forevery b € N.
Now, let

p:B—>R
b g,(0).

We want to show that ¢ is a cocycle. If ¢ : [0,1] = A' > Bisa 1-simplex, its image being compact
can be covered by finitely many open subsets of B, say I\, ..., N,. We can then pick 0 = #, < < ... <
4y < % = 1so that the image of each interval [, #,,] by & lies in some ;. Notice that the 1-chain
O] + - T 9[4. ) has the same boundary as 7, so we have

~

-1

p07) = 3 PO, = D oy, (00) =0

%+1 i
z z

~
—_

Il
(=}
1l
(=}

because each @y, is already assumed to be a cocycle.
J

Hence, ¢ € c° (B; R) represents a cohomology class v € H”(B; R) that restricts to v, for every b € B.
Using the commutativity of the diagram one last time, the image of v by the top horizontal arrow yields
the desired cohomology class # = ¢” x v € H"(R” x B,R{j x B; R). The uniqueness of this class is also
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clear from the uniqueness of the map @ : B — R, so this proves part (ii) of the Theorem.

For part (iii), let p; : (R” x B,Rg x B) — (R*,Rg), p, : (R” x B, @) — (B, @) be the projection
maps. Then, for every y € A k (R” x B; R), we have

w—y=("xv)—y=(H(Pp)(") ~ H (p)() — y
= H"(py) (") — (H'(p,)(v) = ) = H" (py) (") — H"(p,) (v = H (p,)"' ()
=" x (v~ H"(p,) " ().

The correspondence y - H*(p,) ™' () is a well-defined isomorphism because p, is a homotopy equiva-
lence. Since the cocycle @ : B — R takes each point 4 € B to a generator of R, the cohomology class v has
an inverse with respect to the cup product. The correspondence z - v ~ zis thus an isomorphism. The
map a4 — ¢” x a is also an isomorphism by Lemma 3.23. Hence, # - y is the image of y by a sequence of
isomorphisms, so y = # ~ y is an isomorphism as well. This finishes the proof of the claim. L]

Claim 3.26. Assume that the base space B of & is the union of two open subsets By and B,. Denote By =
By 0 B,. If Theorem 3.17 is true for the restriction bundles §p , & and & , then it is also true for &.

Proof. Denote the total space of f| B, by E’. The relative Mayer-Vietoris sequence 1.49 for X = E,Y = E|,
A=EB=EC-= Eé, D= Eg is the long exact sequence

o > H'(E By R) T (B B R) @ HYEL B R) 558 (B, B )

~

H""M(E, Ey; R)

where f{, f,,¢; and g, are restriction homomorphisms. By hypothesis, there are unique cohomology
classes u; € H" (El,Eé;R), u, € H" (EZ,ES;R), uy € H” (E3,E3;R) whose restrictions to each fiber F
over By, B, or By are the chosen generators #; € H”(F, Fj; R). By uniqueness of 5, the classes #; and
u, have image #; under the restriction homomorphism. Hence, (#;,#,) € kerg = im f and there is a
u € H"(E, Ey; R) whose restriction to (E', Ey), (E%, Ey) is #, and u,, respectively. In particular, # re-
stricts to # for every fiber F over B. Now, if # is another class that satisfies the same property, then, by
uniqueness of #; and #,, it restricts to #; and #,. But by hypothesis, we have A 71 (E3 , Eg ;R) = 0,50 f
is injective and hence # = #, thus proving part (ii) of the Theorem.

For part (iii), let us first consider the Mayer-Vietoris sequence 1.48 for X = E, A = E' and B = E*:

oo —— BB R) ZE (B R) @ Y (B2 R) 558 1T (B R)

H/*YE;R)

~

Now, let @, @; be cocycles representing the classes #, #;, respectively. Then, the diagram

0 — CHE) ——— — C*(FY @ C*(FY) ——— > C* () ——— 0

lsvv l(svm%v) l¢ ~

0 H C/H—n(E,EO) % Ck+n(E1,Eé) @ C/e+n(E2’E§) H Ck+n(E3,EO) H O
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is easily seen to commute (coefhicients in R are to be understood for the rest of the proof). Its rows are
the short exact sequences that induce the previous Mayer-Vietoris sequences. Then, by naturality 1.17,
we can attach both Mayer-Vietoris sequences together in a commutative diagram

v — HY(E) ——— H'(E") @ H* (E?) ——— H'(E®) —— H"/(E) — -

J- [ be

w3 HY"(E, Ey) » H*"(E', E}) @ H*"(E*, E}) » H*"(E3, E3) + H*""" (E, Ey) + - .

Notice that each homomorphism A k(E) =5 gl (E, Ey) is surrounded by four maps that, by hypoth-
esis, are isomorphisms, so the Five Lemma finishes the proof. L]

Claim 3.27. Theorem 3.17 is true if the base space B is compact.

Proof. Cover B with open subsets N that are the domains of local coordinate systems (N, #). Then, B
is the union of a finite number of such domains, say B = N; U ... U N,,. We will prove by induction that
the Theorem is true for the restriction bundles &, With7 = 1,...,m. The case 7 = 1 follows from
Claim 3.25 because & is trivial. Assume that &y, | satisfies the properties (i)-(iii) of the Theorem.
Again by Claim 3.25, these are also satisfied for £,y and £(,,_un;_)an; because they are trivial bundles.
By Claim 3.26, the Theorem is thus true for f| N,u.uN» 38 wanted. In particular, setting 7 = m finishes the
proof of the claim. O

For the next claim, we will need some definitions and results that are important by themselves.

Definition 3.28. A directed set is a pair (/, <) where 7 is a non-empty set and < is a preorder (reflexive
and transitive relation) on 7 such that for every 7, j € I there exists £ € / with7 < kand j < k.

Definition 3.29. Let (/, <) be a directed set, R an commutative ring with unit and {4;},.; a family of
R-modules indexed by / such that for every 7 < j there is an R-linear map f;; : 4, — 4, satisfying

(i) fir =id, : 4; > A;and

(i) fir =]§-/€ °ﬁj foreverys < j < k.

Then, the pair ({4,}, { ﬁ]}) is called a direct system of R-modules over /. We define an equivalence relation

~ on the disjoint union | | 4, by
iel

a; ~a;witha; € 4,0, € 4; < fy(a;) = fy(a;) forsome k € I with7 <k, j < k.

For every a,b € | | 4,, we can then take 4, &' € | | 4, lying in the same module 4, and satisfying 2 ~ 4,
iel iel

b ~ b'. We define a binary operation on |_|A / by [4] + [6] = [4 + &']. We also define an action

r-la] = [ra] foreveryr € R,a € u A;. It can be seen that these operations are well-defined and define
an R-module structure on |_| A, / . This R-module will be called the direct limit of the directed system

({43, {53 y }) and will be denoted lim 4,.

Definition 3.30. Let (/, <) be a directed set, R be an commutative ring with unitand {4,},.; be a family
of R-modules indexed by 7 such that for every 7 < j there is an R-linear map f;; : 4, — 4; satisfying

(i) fir=id, : 4; > A;and

(i) £ =ﬁj °]§'/e foreverys < j < k.
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Then, the pair ({43, { f }) is called an 7nverse system of R-modules over 1. The inverse limit of the pair
({4,}, {fj is the R- submodule of [T4;

el

lim 4; = {ol =(a,);es € HAZ. ta; =ﬁj(ﬂj) forall 7 s]}

el

Proposition 3.31. Let R be an commutative ring with unit, X and Y topological spaces, A < X. Let
f+ X — Y bea continuous map and let {X;},.; be a covering of X whose index set I is a directed set with
respect to the inclusion relation and satisfies that for every compact CcY,f(C 1 ) is contained in some X,

Set A; = A0 X, Then, the pairs ({H,,(X;, A5 R)}iep {1;3), {(H” (X, A5 R)} ey {g33) form a dzrected
system and. an inverse system, respectively, with maps fi;, g;; mduced by inclusion. Furz‘loermore

(1) The natural map
P Iii)nHm(Xl.,Al.;R) — H (X, A4;R)

that takes a class (1] with v € H,,(X;, A5 R) to H, (y;) (1) € H,(X, A; R) where y, is the inclusion
(X, 4;) = (X, A) is a well-defined isomorphism.

(i7) IfH, (X, A;R), H,_,(X;, A;; R) are zero or free R-modules, then the natural map
it H™(X, 4; R) — lim H"(X,, 43 R)
that takesu € H" (X, A; R) to (H" (3;) () ;e € [ | H"(X;, A3 R) is an isomorphism as well.
iel

Proof. The fact that the given pairs form a directed system and an inverse system can be straightforwardly

checked.

(i) Ifp € H,(X,,4;R) and y € H, (XJ.,Aj;R) represent the same class, then we can take £ € 7 with
i<k, j<kandf,(x) = j}k(;y). From the commutative diagram

(X, A R) —2y B (X, A R) <2 H (X, 4 R)

lyk
% %
(X, A5 R)

in which all arrows are induced by inclusion, we deduce that 4, () (¢) = H,, (;/]) () so the natural
map is, indeed, well-defined.

Letz € Z, (X, A; R) be a relative cycle and express it as a finite sum of m-simplices g,. Since A™ is
compact, theset C = | (f °,)(A™) is compactin Y. Take X; that contains f~ 1(C). Then X, also
contains | a,(A™), so z is a relative cycle in Z,, (X;, 4,5 R). This proves surjectivity of p.

Let [¢] € limH, (X, 45R), p € H, (X, 4;R) such that p ([¢]) = H,(y)(») = 0. This
means thatif z € Z (X, 4;R) is a relative cycle representing , then z is a relative boundary in
B, (X, 4;R), so it can be written as z = 2’ + dz” withz' € C,(4;R) and 2" € C . (X;R). Pro-

m+1
ceeding similarly as before, we can take X containing the simplices that form z "and 2" and then we

take X, containing X; and X,. Then, zis a relative boundary in B,, (X}, 4;; R), so it must be the zero
element in lim 4, (X;, 4,5 R). This proves injectivity of p.

(ii) The homomorphisms
h:H"(X,A4;R) — Homy(H,(X, 4;R),R),

bl' Hm()(z’ Az';R) - HomR(Hm()(z" Az';R)JR)
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of the universal coefficient theorem for cohomology are isomorphismsif H,,_; (X, 4;R), H,,_;(X;, 4;; R)
are zero or free R-modules. Consider also the map

A HomR (h_m Hm ()(z’ Az'; R)’ R) - I(H_n HomR (Hm ()(z’ Aﬂ" R)’ R)

O.
that takes an arrow lim /1, (X, 4;; R) X Reo (H,(X;, A;R) — R);;, where ©(4;) = Y([4,])
forevery a, € H,(X;, A;; R). This is easily seen to be an isomorphism. Itis straightforward to verify
that the diagram

H" (X, A;R) = > lim ™ (X;, 45 R)
Homy (H,, (X, 4;R),R) lim Homg (H,,(X;, 45 R), R)

\ /
Homy(lim F, (X, 4; R), )

commutes. Since every arrow apart from «x is an isomorphism, x must be an isomorphism too.

O
As a consequence, we have the following corollary.

Corollary 3.32. Let R be a field and let £ be an R”-bundle over B with total space E and projection =
E — B. Then, the natural R-linear maps

lim H,,(z"'(C);R) = H,(E;R),  limH,(x(C),7 " (C)o; R) — H,,(E, Ey; R),
H"(E;R) — lim H"(z ' (C);R),  H"(E,Ey;R) — lim H"(z7'(C), 7 (C)p; R),
where C varies over all compact subsets of B,> are all isomorphisms.

Claim 3.33. Theorem 3.17 is true if R is a field.

Proof. By Claim 3.27, for every compact C < B, there is a unique class # € H" (z71(C), 77 (C) s R)
whose restriction to each fiber F gives the chosen generator. Now, take # € H"(E, Ey; R) to be the unique
class that hasimage (#¢) ¢ compace Under the fourth isomorphism of Corollary 3.32. This class is now easily
seen to be the only one that satisfies property (ii) of the Theorem.

By Proposition 1.53, we have commutative diagrams

H*(E;R) ————— H*™(E,E;R)

| |

H* (7 1(C);R) — H*"(z7(C), 7 (C)y; R)

for each compact C ¢ B. Taking the inverse limit over all compact subsets C € B we get the commutative
diagram

H*(E;R) = y H*"(E, Ey;R)
. ko _—1 [l . ktn _—1 -1
lim %77 (C); R) — lim A" (7~ (C), 7~ (C) s R)

in which the vertical arrows are isomorphisms by Corollary 3.32 and the bottom horizontal arrow is an
isomorphism by Claim 3.27. Therefore, the top arrow is an isomorphism as well. This finishes the proof

of the claim. O

3the inclusion relation gives a directed set because the union of two compact subsets is again compact.
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Claim 3.34. Ifthe existence condition of part (it) of Theorem 3.17is true for R = Z, then the whole theorem
is true for any commutative ring with unit R. Furthermore, the maps

[_]/e+n (E> E05 R) - I_]k (E5 R)

ey u
are isomorphisms for every integer k.

Proof. One can check that the diagrams

C"(E,EyZ) — C"(E,EyR)

l l

C*"(F,FyZ) —— C"(F,F;R)

commute for each fiber 7. Here, the vertical arrows are restrictions to fibers, the bottom horizontal map

is the one in Remark 3.16 and the top one is a similar one with the pair (£, E;) instead of (F, £). Now

take a cocycle @ € C*(E, Ey; Z) representing the class # € H"(E, Ey; Z). Let g be the image of ¢ under

the top arrow. Then, the commutativity of the diagrams makes sure that uR = ler] € H*(E, EyR)

restricts to the desired R-orientation on each fiber. This shows the existence part of (ii) for arbitrary R.
Notice that the map

~@: G, (E, By Z) — G(EZ)

cHCcnQ

is linear and satisfies d(c ~ @) = (-=1)"(dc ~ @) (cf. Lemma 1.59). One can check that passing to chains
with coefficients in R, the map ~ @ becomes ~ ¢, (in other words, ~ @ ® idy =~ @g). Also, by Remark
1.61 the dual of ~ ¢ is

pr -t CH(E;sR) — C*"(E, Ey R)
Yy or v
Passing to homology and cohomology, we got maps
~d®:H, (E,E;R) — H(ER),  uf < H*(E;R) — H*"(E,Ey;R).

Using uniqueness of the classes #® when R isa field (cf. Claim 3.33), we deduce that the map in cohomol-
ogy coincides with the one in part (iii) of the Theorem, which was already seen to be an isomorphism for
every field R (again by Claim 3.33). Now we can use Lemma 3.24 to obtain that both maps are actually
isomorphisms for arbitrary R.

We still need to prove that the classes e H” (E, Ey; R) are unique. To do it, for every b € B,
consider the diagram

H(B;R) 7 1B R) —“ H"(E, Ej;R)

| l |

H° 7|E, ule
HO(BYR) 0 1505 R) —E55 B (B, By R)

in which the vertical arrows are restrictions. The left square commutes because the corresponding square
at the level of topological spaces commutes. The right square commutes because of Proposition 1.53.
Now, assume that there is another class #% € H"(E, Ey; R) that also restricts to u}j € H"(F, Fy; R) for

every b € B. Recall that H°(z) is an isomorphism because 7 : £ — B is a homotopy equivalence and
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that 28 < was proven to be an isomorphism as well. Starting at the top right of the diagram with ZzR, we

obtain
R
7

z < 1y <
| l
z(b

) > 2(0) —— = 2(B)y

Since we must have . = z(b)uy for every b € B, the O-cocycle z : B — R must be the constant map
1 € R. Mapping this constant map under the top arrows gives =t R as wanted. O

—1=u
With this, we can finally give a general proof of Theorem 3.17.
Proof. (of Theorem 3.17) By Claim 3.27, for every compact C < B, there is a class
we € H'(7(C), 7 (C)y 2)
that restricts to the chosen Z-orientation on each fiber. By Claim 3.34,
Hy om0, 7 (O) D) = Hy (771(C); D) = 0.
By Proposition 3.31(i), we have an isomorphism
H, \(E,EyZ) = 11_“}@—1(77_1(C)>77_1(C)05Z) =0.
Using these facts together with Proposition 3.31(ii), we have an isomorphism
x: H'(E, Eg; Z) — lim H" (77 (C), 77 (C) s Z)
w— (w|(7r‘1(C),7r‘1(C)0))C'

Then, the class # € H" (E, Ej; Z) whose image under  is (%) - restricts to the chosen Z-orientation and
Claim 3.34 finishes the job. ]

3.3 Chern classes

Here we introduce complex vector bundles and define Chern classes.
Definition 3.35. Let B be a topological space. A complex vector bundle w over B consists of

(i) the given space B, which will be referred to as the base space,
(ii) atopological space E = E(w) called the total space,
(iii) a continuous map 7 : E — B called the projection map and

(iv) a complex vector space structure on the sets 7' (b) for every b € B.

Furthermore, the condition of local triviality must be satisfied. Namely, every & € B has a neighborhood
U < B, an integer #» > 0 and a homeomorphism

bh:UxR" — 7z (U)

so that for every b € U, the map

by =b(b,+) : R > 77 (D)
x > h(b,x)
is a C-isomorphism. Such a pair (U, b) is called local coordinate system for w about b. The vector space

771 (b) is also denoted by £, (w) (or simply £;) and is called fzber over b. It U can be chosen to be the entire
base space B, then w will be called a trivial bundle.
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Remark 3.36. Because of the local triviality property, 7 is a locally constant function of 4. For our
purposes, though, 7 will always be constant and its value will be specified by saying that w is a C*-bundle
over B.

Definition 3.37. If w is a C*-bundle over B, we can forget about the complex vector space structure to
obtain an R**-bundle over B, denoted WR.-

This procedure of forgetting the complex structure yields a canonical preferred orientation on wg:
Proposition 3.38. Let w be a C*-bundle. Then, wy is canonically oriented.

Before giving a proof, recall that an orientation of an R”-bundle is a choice of generators #; €
H"(F, Fy; Z) for each fiber F subject to a local compatibility condition (cf. 3.14). Equivalently, one can
choose an orientation on each fiber given by an ordered basis and require B to be covered by local coor-
dinate systems (U, b) such that h(b, «) : R* — F is an orientation preserving isomorphism for every
b € U. This definition is more convenient to prove the proposition, so we will adopt it for a moment.

Proof. LetV bean n-dimensional complex vector space. We define an orientation of /” as a 2z-dimensional
real vector space as follows. Start by taking a C-basis {4, ..., 4,} for V. Then, {a,,7a,,...,4,,1a,} is an
ordered R-basis for I and we can consider the orientation of " induced by it. We claim that this is well-
defined. To prove it, assume we had taken another C-basis {#,, ..., 4,}. Since the linear group GL(z, C)
is path-connected as a topological space,” there is a continuous path A4 : [0,1] — GL(», C) from
the identity to the matrix whose columns are the components of 4, ..., b, with respect to the C-basis
{ay,...,a,}. Foreacht € [0, 1], let ¢,(¢), ..., ¢,(¢) be the columns of M (#). When considered as vectors
in the C-basis {4, ..., 4, }, these form a C-basis {¢, (¢), ..., ¢, ()} for V. For each # € [0, 1] we thus have an
R-basis {¢; (¢), 7¢/(2), ..., ¢,(2), ¢, (2)}. Let My (¢) denote the matrix whose columns are the coordinates
of ¢ (2),i¢(2), ..., ¢,(¢), 7¢,(¢) with respect to the R-basis {4,,74,, ..., ,,7a,}. Since My (¢) is continu-
ous and det My (0) = 1, we must have det Mg (1) > 0, so the bases {4y, ...,4,} and {4y, ..., b,} induce
the same orientation.

Taking such orientation on each fiber, the compatibility condition is easily checked and the result
follows. D

Lemma 3.39. (Gysin sequence) Let £ be an R"-bundle with projection map = : E — B and denote
Ty = M, : £y — B. Then, there is long exact sequence with integer coefficients

H™(my)

e(é)~ 9/ Hz'+n(E0) H,-+1(B) -

> H(B) 05 o p)
and will be referred to as Gysin sequence.

Proof. Consider the long exact sequence of the pair (£, £;):
oo —— HI(E,E,) — H/(E) — H/(E,) — H/"'(E,E;) — .

Using the isomorphisms H/™(E) = H (E, Ey) (cf. Theorem 3.17), we can substitute / (E, E,) by
H™"(E) to yield

b HE) —— H/(E) —— H/(E) —— H"(E) — -,

where g(x) = (z x)|E = up ~ x forevery x € H/™"(E). Finally, substituting H*(E) by H*(B) (recall
that 7z : £ — B is a homotopy equivalence), we obtain the desired sequence. ]

“for any matrix 4 € GL(n, C), det(¢-id + (1 —¢) - 4) has, at most, z complex roots in [0, 1] which are avoidable by slightly
changing the path.
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Definition 3.40. Let » be a C*-bundle £ 5 B. We define the C*'-bundle @, over E, as follows.
Consider the C*-bundle 7jw over E;,. Let 7 be the sub-bundle of 73 with total space

{(un,v) € Ey x E|my(u) = m(v),v € (u)}.
Finally, take «; to be the quotient of 7z, by .

Now we can finally give a definition of the Chern classes.

Definition 3.41. The Chern dasses c,(w) € H* (B;Z) are defined by induction on 7 as follows. We first
take the top Chern class ¢,(w) to be the Euler class e(wg) € A 2" (B;Z). Notice that since H/ (B;Z) = 0
for j < 0, every map

H*(my) : H* (B;Z) — H*(E,;Z)
in the Gysin sequence 3.39 is an isomorphism. For 7 < 7, we may then set ¢;(w) = H> ()" (¢;(a,))-
For 7 > n, we set ¢;(w) = 0. The total Chern class is defined as

(@) =1+ ¢ (w) +... +¢,(») € H(B; Z).

Furthermore, given a complex manifold A4, we write ¢(A) and ¢;(M) to denote the Chern classes of its
tangent bundle equipped with the natural complex structure.

The following properties are analogous to Propositions 3.20-3.22.

Proposition 3.42. (Naturality) Let w, y be C"-bundles. If ¢ : B(w) — B(y) is covered by a bundle map
w —> y that is complex linear in each fiber, then ¢(v) = H 2 (9)(¢;(x)) for every integer i. The total Chern
classes are related by c(w) = g"c(y), where we denote ¢ = H(g).

Proposition 3.43. Let w be a C"-bundle and let &* be the trivial C*-bundle over B(w). Then c(w @ €°) =
c(w).

Proposition 3.44. (Whitney product formula) Let w, y be complex vector bundles over the same base space.
Then c(w @ y) = c(w)c(y).

As an example, we now compute the total Chern class of the complex projective space CP”. The
result is summarized in the following theorem.

Theorem 3.45. ¢(CP") = (1 + 2)"*', where a is a generator ofHZ(CP”; Z)=17

We will need some definitions and computations first.

Definition 3.46. Let w be a C”-bundle. The conjugate bundle @ is the C”-bundle with the same base
space, total space and projection map as w but with conjugate complex structure on the fibers. Namely,

the action A - ¢ on a fiber F(@) is the action 1 - ¢ on a fiber F(w).

The Chern classes of a complex vector bundle and those of its conjugate are related as follows.

Lemma 3.47. (@) = (-=1)'¢;(w).

1

Proof. For each fiber F of w, take a complex basis v, ...,v, € F. Then, the real basis v, 70;,...,1,,17v,
determines the preferred orientation of F as a fiber of wg. Similarly, the real basis v;, —7vy, ..., v,, =70,
determines the preferred orientation of F as a fiber of @y . Hence, wg and @y have the same orientation
if 7 is even and the opposite one if 7 is odd, so

6, (@) = e(@g) = (-1)"e(wg) = (-1)"¢,(@).

Now, assume the result is true for complex bundles of rank smaller than 7. Then:

(@) = H (m) e (@)o) & HY (m) " (@) ‘=) B () ((-1) 6. (@)

= (V' H*(m) " (g(@0)) = (-1)'¢(w).

At (x) we have used that (@), = w, under the identity, and (**) holds by the induction hypothesis. [
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Definition 3.48. The canonical complex line bundle 71 = y1(C") is the C!-bundle over CP” with
total space
EGY) ={(l,v) eCP*xC"" :vel}
and obvious projection (¢, v) > ¢.
As a first step towards the proof of Theorem 3.45, we will show the following.
Claim 3.49. ¢(CP") = (1-¢,("))"*"!

Proof. Let ™! be the trivial C**'-bundle over CP”. We equip it with the standard Hermitian metric on
each fiber. Since y" is a sub-bundle of ¢**, we can consider the orthogonal complement’ »” of y' in &**'.
There is a natural identification of 7(CP”), the tangent bundle of CP”, with Hom¢ (3", »”). Indeed,

the projection C*** \ {0} 2, CP" is a submersion with ker(d,p) = (z). Choosing z € C**' such that
p(2) = ¢, this allows us to identify 7,(CP") with C**" /¢ = ¢* under the isomorphism @, : ¢* — T,(CP")
induced by d,p. Of course, this identification depends on the choice of z € C"! soitis certainly not
natural yet. To drop such dependence, we identify each vector v € 7,(CP") with the linear map

¢ — 0"
2 () ()

Since every step of this identification can be locally written in terms of complex analytic functions, it de-
fines a continuous function between the total spaces of 7(CP”) and Home (y', #”). As the restriction of
this function to each fiber is an isomorphism, we have the desired isomorphism 7 (CP”) = Hom (;/1, ").
Adding the trivial line bundle ¢! = Homg (7/1, ;/1) over CP” to each side, we obtain:

7(CP") ® ¢' = Hom¢(y', ") @ Home (¥, 7') = Home (4!, 0" @ ')
= Homg (', ") = Hom¢ (), ¢'® D) @)
= Homc(;/l,el)@ D) @ Homc(yl, ) = }71@ (nr1) EB;_/I.
The last isomorphism above is given by taking each v € F (7') to (s,0) € Home(F(3'), C), where (s, *)

denotes the Hermitian metric on C**'. To finish the proof of the claim, we use Propositions 3.43, 3.44
and Lemma 3.47.

c(CP") = c(z(CP") @ ¢') = c(¥'® D @7') = (1 - ("))

Now we can finish the computation of the total Chern class of CP”.

Proof. (of Theorem 3.45) It suffices to show that ¢ (7/1) is a generator of A 2(CP*%Z). Lemma 3.39 gives
the Gysin sequence associated to 71 (integer coefficients are understood):

- —— HY(E) —— B (CP") Y5 g2 (Cpty —— HA(E) —— -

Notice that £ can be homeomorphically identified with C""\ {0}, which is homotopically equivalent
to $**1. The Gysin sequence thus reduces to

. q o .
0 —— m(CcP") 2% ey — o

for every integer 0 < 7 < 2% — 2. We thus have isomorphisms
H°(CP") = H*(CP") = ... = H**(CP")

under the cup product by ¢, (y'). Since CP” is path-connected, all of these groups are isomorphic to Z
and the result follows. O]

SAlthough this was defined for real vector bundles in 3.12, it analogously applies to complex ones.
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Remark 3.50. The Gysin sequence also gives isomorphisms
0 = H(CP") = H>(CP") = ... = H*" ' (CP").

In particular, we have also proved that the cohomology ring H*(CP”; Z) is generated by ¢, (') € H*(CP";Z)
and is isomorphic to Z[x] / (x"*'), where x is identified with ¢ ().

3.4 Pontrjagin classes

Before we state the definition of Pontrjagin classes, we give some preliminary results.

Definition 3.51. Given an z-dimensional real vector space V', we can consider its complexification V ®g C,
an z-dimensional complex vector space. Applying this to every fiber of an R”-bundle £, we obtain a
canonical C"-bundle £ ® C called the complexification of £.

Lemma 3.52. Forevery R"-bundle &, the C"-bundles £ ® C and & ® C are isomorphic.

Proof. The map x + iy — x — 7y is a homeomorphism from £(£ ® C) onto E(¢ ® C) and is C-linear in
each fiber. O

Definition 3.53. The ith Pontrjagin class p;(£) € H *(B;Z) is defined to be (=1)"¢,, (£ ® C). The total
Pontrjagin class is defined as

PE) =1+ p1(E) + py(§) + .. € H(B;Z).
For a smooth manifold M, we denote the Pontrjagin classes of its tangent bundle by p;(A) and p(M).

Remark 3.54. Odd Chern classes are ignored as they have order 2. This is an immediate consequence
of Lemmas 3.47 and 3.52.

Just as in the previous sections, Pontrjagin classes satisfy the following typical properties.

Proposition 3.55. (Naturality) Let £, 7 be R”- bundles. If ¢ : B(£) — B(y) is covered by a bundle map
£ — 3, then p(§) = H* (g)(p;(n)) for every integer i. In terms of total Pontrjagin classes, p(£) = g*p(7).

Proposition 3.56. Let £ bea R”-bundle and & be the trivial R*-bundle over B(E). Then p(€ @cf) = p(&).

Proposition 3.57. (Whitney product formula) Let £, 3 be vector bundles over the same base space. Then
2p(E @) =2p()p(7)-

As an example, we now compute the total Pontrjagin class of the complex projective space CP”. As
with Chern classes, we can summarize the result in the following theorem.

Theorem 3.58. p(CP") = (1 + 2*)" where a is any generator @[HZ(CPZ, 7) =17
This will easily follow from two results below.
Lemma 3.59. For any C*-bundle w, there is an isomorphism wg ® C = w & w.

Proof. The endofunctors of the category of finite dimensional complex vector spaces V' — Vg ® C and
V = V @V are naturally isomorphic under the map

VR®C Vol

v®z— (z-v,2-v) = (20, 20).

Since naturally isomorphic functors induce isomorphic bundles, the claim follows. L]



38 Characteristic classes

This has an immediate consequence on Pontrjagin classes.
Corollary 3.60. Let w be a C*-bundle. Denote ¢; = ¢(w) and p; = p;(wg). These are related by the

formula
S (-1)p, - (i(—l)"q) (Z ) .

=0 =0 =0

We are now ready to finish the computation of p(CP”").

Proof. (of Theorem 3.58) Denote p, = p;(CP”) = p;(z(CP”")g) and ¢; = ¢,(CP”). By the corollary and
Theorem 3.45, we have

Z(_l)z'pi _ (1 _ d)n+1(1 + d)n+1 _ (1 _ 42)n+1

=0
Thus, p(CP") = 3 5, = (1 + )" 0
=0
Another relevant computation that we will use later on is that of the Pontrjagin classes of the quater-
nionic projective space HP”. This was first done in [ ] and what follows is a slight remake of this
work.

Theorem 3.61. p(HP") = (1 + 1) (1 + 4u) ™), where u z'sageneratorq”H4(HP”; Z)=1

Proof. Consider the smooth map

Cp2n+1 T 5 HP”

(2112 2] > [+ 2] 1ot 2oy + Zopiaf ]
The fibers 7' (7[2; : ... : 2,,,,]) are the complex projective lines
{[ﬂ(zl, ...,z2n+2) + b(_éz, %1, ey _§2n+2, §2n+1)] : ﬂ, b € C} = CPI = SZ.

Fix a Riemannian metric on CP**'. By Remark 3.13, we can write the tangent bundle 7(CP***") as
a Whitney sum 7; ® 7,, where 7; and 7, are the sub-bundles of 7(CP*™) consisting of vectors tangent
and normal to the fiber CP?, respectively. 7; is actually independent of the choice of the Riemannian
metric and inherits a complex vector bundle structure with complex fiber dimension 1. We want now to
compute p(7;). To do this, it suffices to obtain ¢(7;) and use Corollary 3.60.

Fix a fiber € of 7 : CP*"*! — HP”. We may consider the restriction 7, of 7; to the fiber £. Of course,
7, is just the tangent bundle 7(¢). Since ¢ = CP!, Theorem 3.45 and naturality imply ¢, () = 24,, where
4, € H*((;Z) is a generator. Consider now the inclusion bundle map 7, — 7. Again by naturality, we
have ¢, (%) = 24, = i*(¢,(7;)), where 7 : CP' <& CP***! is the inclusion. But

it H*(CP**',Z) — H*(CP';Z)

is an isomorphismé, so ¢;(7;) = 2g, where g is a generator of A 2(CP**1;Z). The total Chern class is
then ¢, (7;) = 1 + 2¢. By Corollary 3.60, we have computed p(7;) = 1 + 4g2.

Since 7 : CP***! — HP” is a fiber bundle, it is 2 submersion. By the regular value theorem, its
differential d7 sends each vector of 7; to zero. Hence, d restricted to the fibers of 7, is an isomorphism,
so it defines a bundle map 7z, — 7(HP"). By naturality, p(7,) = z*p(HP"). On the other hand, since all
cohomology groups are free, Proposition 3.57 implies

p(CP") = p(7) p(%).

®This can easily be seen regarding complex projective spaces as CW complexes. See, for instance, Lemma 2.34 in [ ]
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Substituting what we have so far, gets us to
W*p(HPn) — (1 +g2)2n+2(1 + 4g2)—1.

To finish the proof, it suffices to show that 7" : H*(HP™Z) — H*(CP**;Z) are isomorphisms, so
that we can set 7°n = gz and cancel out the 7z*’s in the previous equation. As a first step towards this
claim, it is a standard computation in algebraic topology that the cohomology groups H™ (HP"; Z) are
all zero except for H¥ (HP";Z) = Zfor 0 <7 < n.”

Notice also that it only suffices to prove that H*(r) : H*(HP";Z) — H*(CP*"*';Z) is an isomor-
phism. Indeed, in this case we can already set 7" # = gz and by Proposition 1.53, each i e HY (HP";Z) =
Z is sent to the generator gzz’ e H¥(CP**Y,Z) = Z. It follows that the homomorphisms A “(7) are all
surjective, thus isomorphisms.

A further reduction we can do is to consider the commutative diagram

H*(HP"Z) —=— H*(CP**\,Z)

l l

(7’\ cr)

H*(HP';Z) —— H*(CP*,Z).

The vertical arrows are isomorphisrns,8 so it is enough to prove that the horizontal bottom arrow is an
isomorphism as well. But this is now fairly simple in the cellular (co)homology setting, as 7| sends the

4-cell of CP? to the 4-cell of HP?. This concludes the proof of the theorem. O

3.5 The Hirzebruch signature theorem

The aim of this section is to state and sketch a proof of the Hirzebruch signature theorem, as itis a
fundamental ingredient in Milnor’s argument of existence of exotic smooth spheres, which is presented
in the next chapter. Unfortunately, the proof we sketch here heavily relies on a theorem of cobordism
theory (namely, Theorem 3.63), which will be stated, but not proved.

The oriented cobordism ring O,

The following material is mostly due to Thom in | ], but it is taken from [ ]. For an oriented
smooth manifold A4, we denote the same manifold with the opposite orientation by —A4. We also use
the symbol + to denote disjoint union.

Definition 3.62. Two smooth, compact, oriented 7-dimensional manifolds A4 and N are oriented
cobordant if there is a smooth compact oriented manifold with boundary B so that 9B (with its induced
orientation) is diffeomorphic to M + (—IN) under an orientation preserving diffeomorphism.

This can be shown to be an equivalence relation. Reflexive and symmetry properties are straight-
forward and the transitive one follows by taking collar neighborhoods (cf. Theorem 1.33) and gluing
through the boundaries. We write Q) to denote the set of all oriented cobordism classes (i.e. equivalence
classes under the previous relation). This is already an abelian group, but we further have well-defined
associative bilinear products

induced by taking the Cartesian product of manifolds. Hence, we have equipped Q, = @ Q; witha
720
structure of graded ring.

7Again, the easiest way to check this is to regard HP” as a CW complex and to use cellular (co)homology. See, for instance,
page 1401in [ ].
8This follows again by Lemma 2.34 in [ ]
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Theorem 3.63. The tensor product O, ® Q is a polynomial algebra over Q with independent generators
CP?, CP*,CPS, ...

For a proof, one can see chapter 18 in [ Jor | ].
Pontrjagin numbers

Definition 3.64. Let A1 be a smooth, compact, oriented 4z-manifold and let / = 7, ..., 7, be a partition
of n. The Ith Pontrjagin number is the integer

M) = p; - p; [M] = (p, (M) - p, (M), [M]),
where [M] € H,,(M;Z) is the fundamental class of M with integer coefficients.

Pontrjagin numbers provide a necessary condition for a compact, oriented 47-manifold to be abound-
ary. Namely, we have the following.

Lemma 3.65. For any smooth, compact, oriented (4n + 1)-manifold with boundary B, all Pontrjagin
numbers p[0B] are zero.

Proof. Write M = dB. As usual, denote the fundamental classes for B and M by [B, M] € H,,,,, (B, M)
and [M] € H,, (M), respectively (integer coefficients are to be understood throughout the proof). Let
0:H, (B,M) — H,(M)andd : H*" (M) — H*"*'(B, M) be the connecting homomorphisms of
the long exact sequences in homology and cohomology of the pair (B, A1). Tracing back the definitions
of these homomorphisms, it is easy to check that

(, [M]) = (ou, [B, M]).

Consider the tangent bundles 7(B) and 7(A1). Taking a collar neighborhood of A in B allows us to
write
7(B) |y = 7(M) ® e

This and naturality imply 7" p(B) = p(7(B) 51) = p(M). The portion of the long exact sequence of the
pair (B, M)

H"(B) —— H"(M) —— H*"*'(B, M)

asserts that
(py, (M) - p; (M)) = (377) (p; (B) - p; (B)) = 0

for any partition / = 7, ..., 7. of n. Hence,

oM = (p, (M) - p, (M), [M]) = (0(p,, (M) - p, (M)), [B, M]) = 0.

As a corollary, we have:
Corollary 3.66. Any partition I = iy, ..., 1, of n provides a group homomorphism

Q,—Z

n

M~ p[M].

Proof. Tt suffices to prove p;[M + N] = p;[M] + p;[N] for arbitrary smooth, compact, oriented 47-
manifolds A4 and N. But this is an easy consequence of the naturality of the Pontrjagin classes under the
inclusions M < M + Nand N < M + N. L]
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Multiplicative sequences

Let 4, = @ A, be a commutative graded Q-algebra with unit. We denote the commutative ring con-
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sisting of formal sums «, + 4; + ... with 4, € 4, by 4 I, Throughout this section, assign degree 7 to the
indeterminate x; and consider polynomials

K (%), K (%1, %)5 oo s K (57 005 X,)5 e

n

with coefficients in Q such that each K, is homogeneous of degree 7. For any Q-algebra 4, as above, and
anya = l+a,+a,+.. € A we denote K (2) = 1+K(ay) +K, (ay, a,) + .+ K, (ay, ..., a,) +... € AL,

Definition 3.67. The sequence of polynomials {K,} is said to be a multiplicative sequence if for any
Q-algebra 4, as above, we have K (ab) = K(a)K (b) for every a,b € A IT with leading term 1.

Multiplicative sequences are easily classified by the following result.

Lemma 3.68. (Hirzebruch) Let f(t) = 1+ Ayt + Lt*+ .. bea formal power series with coefficients in Q.
Then, there is one and only one multiplicative sequence {K,} satisfying K(1 + t) = f(¢) for the Q-algebra
Qlz]. This sequence will be referred to as the multiplicative sequence belonging to the power series f (t).

For a proof of this lemma, see chapter 191n | ].

Definition 3.69. Let M be a smooth, compact, oriented 7-manifold. The K-genus K[M] is defined to
be zero if 7 is not divisible by 4 and to be

(K, (P15 5 2,): [M]) € Q
if m = 4n, where p, = p;(M).
Lemma 3.70. Any multiplicative sequence {K,} gives rise to a ring homomorphism
0.-Q
M — K[M].
Hence, it also gives rise to an algebra homomorphism Q, ® Q — Q.

Proof. Since K[M] is a rational linear combination of Pontrjagin numbers, Corollary 3.66 makes sure
that the map is well-defined and additive. Multiplicativity is proved by using the isomorphism

(M x M) = 77 (M) & m7(M,),
the Whitney product formula, naturality and the multiplicativity of {K,}. O
The signature of a manifold

We now define the signature of a smooth, compact and oriented manifold, prove some properties about
it and state the Hirzebruch signature theorem.

Definition 3.71. Let M be a smooth, compact, oriented #-manifold. The signature (M) is defined
to be zero if m is not divisible by 4 and to be as follows if 72 = 47: regard the fundamental class [A4] as an
element of the rational homology H,,,(A; Q). Takeabasis 4, ..., a, € H 2n (M; Q) so that the symmetric
matrix

({2, < a;, [MD),,

is dialgonal.9 The signature o(M) is then the number of positive entries minus the number of negative
ones.

?This can be done, as the cup product pairing H*(M; Q) x H>" (M; Q) — Q is symmetric bilinear and we are working
over the field Q.
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Lemma 3.72. The signature satisfies the following properties:
(1) a(M) = 0 if M is the boundary of a compact, oriented manifold,
(i7) o(M + N) = o(M) + 7(N),
(it7) o(M x N) = o(M)o(N).
As a consequence, the signature defines a ring homomorphism Q, — Z and an algebra homomorphism
Q.0Q—-Q
Property (ii) is straightforward. For properties (i) and (iii), see Theorem 8.2.1 in [ ]

Theorem 3.73. (Hirzebruch signature theorem) Let {L,} be the multiplicative sequence belonging to the
power series

g+l Ley
tanhvZ =~ 3~ 45 77

Then, the signature of any smooth, compact and oriented manifold is equal to its L-genus.

Proof. By lemmas 3.70, 3.72, and Theorem 3.63, it suffices to prove the equality o(M) = L[M] for
M = CP™. We start by computing the signature of CP*. Letabea generator of A 2(CP™;Z). Recall
that by proving Theorem 3.45, we also showed that H> (CP**; Z) is generated by 4" for every 0 < 7 < 2.
Thus, {4} is a basis of H*(CP*"; Q) and the signature o(CP*") equals (2*”, [CP*"]).

We now compute L[CP?"]. Recall that Theorem 3.58 gave us p = p(CP*) = (1+4%)*"*". It follows
that

_ ol _ (4 )
Lip) = L1+ )" = ()
The L-genus LICP*] = (L,(py, . Do) [CP*]) is thus equal to (&, [CP*]) times the coefficient of

. . 2n+1 . . . . .
2*" in the power series of (tanzhz) . To finish the proof, it then suffices to see that this coefficient is

1. This is purely a problem of complex analysis. Notice that the wanted coefficient is the residue of the

function (mlhz)ZnH' We have
1 dz _ng(1+w2+w4+...)dw_i d_w_l
27 J (tanhz)?%*! 271 w2+l 2 ] w7

where the first integral is through a small enough circle around the origin and in the first equality we have

performed the change w = tanh z,dz = 1151:;2 =1+ w” +w* + ... The second and third equalities are

consequences of the residue theorem. O]




Chapter 4

Proof of the main theorem

This chapter replicates Milnor’s transcendental paper On Manifolds Homeomorphic to the 7-Sphere
([ ]). The aim of what follows is then to prove the existence of exotic 7-spheres. Namely, we will
show the following result.

Theorem 4.1. For k* # 1 (mod 7), the manifold ]VI,Z constructed in Section 2.2 is homeomorphic to S” but
not diffeomorphicto S’

The homeomorphic to'S” part was already proven in the same Section 2.2 using Morse theory, so here
we only deal with the not diffeomorphic to S part.

The general idea of the argument s fairly simple. In Section 4.1, we define a diffeomorphism invariant
A(M) on certain smooth 7-manifolds A1. In Section 4.2, we compute this invariant for the manifolds ]VIZ

and see that it equals k* — 1 (mod 7). Since for the standard 7-sphere the invariant will be zero, this will
conclude the proof.

4.1 The invariant (M)

Definition 4.2. Let A1 be a smooth, compact, oriented 7-manifold such that

(i) itis the boundary of a smooth, compact, oriented 8-manifold with boundary B,} and
(i) H>(M) = H*(M) = 0.2
Write o(B) to denote the signature of the symmetric bilinear form
H*(B,M;Q) x H*(B,M;Q) ————— Q

(a,b) 1 > (a— b,[B, M])

that is, the number of positive entries minus the number of negative ones when diagonalized (compare
with Definition 3.71).
Because of the following portion of the long exact sequence of the pair (B, M)

0 — H*(B,M) —— H*(B) — 0,

the map 7* is an isomorphism. Let p, = p,(B) € H*(B) and

g(B) = (") p1)% [B, M]).
The invariant 1(A1) is then defined to be 24(B) — ¢(B) (mod 7).

1Actually, this always holds, as the oriented cobordism group ) is trivial (see [ 1.
2Integer coefficients are to be understood throughout the whole chapter unless otherwise specified.

43
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Of course, it is not clear that this definition is independent of the choice of the manifold with bound-
ary B, so we should check that this is indeed the case.

Lemma 4.3. A(M) is well-defined.

Proof. Let B, and B, be smooth, compact, oriented 8-manifolds with boundary A4. Consider the closed
8-manifold C obtained by gluing B; and B, along their common boundary A1. This is easily proven
to have an orientable smooth structure compatible with that of B; and B, by using of smooth collar
neighborhoods (see Theorem 1.33). Take the fundamental class [C] € Hy(C) that corresponds to the
pair ([By, M], =[B,, M]) € Hy(B,, M) & Hy(B,, M) under the diagram

Hy (M)

/l\
b,
0 — Hy(By, M) & Hy(B,, M) — Hy(C,M) — 0
A
Hy(C)

/l\
0

where the horizontal and vertical sequences come from Mayer-Vietoris and the sequence of the pair
(C, M), respectively. Write ¢(C) = { 2(C), [C]). Since L, (x;,%,) = %(796’2 — «}), the Hirzebruch
signature theorem gives

#(C) = (U (©) - PO [C)) e Z

Taking integers mod 7, this yields
29(C) —o(C) =0 (mod?7)
To finish the proof, it suffices to show
o(C) = o(By) — o(B,), (4.1)

9(C) = q(By) — q(B,), (4.2)

as combining the last three equations leads to 2¢(B;) — ¢(B;) = 2¢4(B,) — ¢(B,) (mod 7).
Consider the diagram

0 «—— H"(B,, M) ® H"(B,, M) +2— H"(C, M) +— 0

le |
0<— H"(B))®H"(B,)) +——— H"(C) +—— 0
where, as before, the horizontal sequences come from Mayer-Vietoris and the vertical ones are por-
tions of the long exact sequences of certain pairs. Notice that since A 3(M) = H*(M) = 0, the vertical

arrows are isomorphisms when # = 4. Thus, letting 2,6 € H*(C), we may write (2;,4,) = b*(;*)™"

and (b, b,) = b*(j*)""b. Then,

(a~ b,

(7* (41 by ay ~ by), [C]>

1Y bpﬂz b,), (b*)_lj* [C]>

1~ b, ay b)), ([By, M], —[B,, M]))

ay ~ by, [B;, M]) = {a, ~ b, [B,, M]). (4.3)

a
a

(
= ((
=
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This shows equation (4.1). Now, by naturality of the Pontrjagin classes, we have

spr(C) = (p1(By), p1(B,)).

The commutativity of the last diagram, implies

J'*(b*)_l(l'f ® lg)_l( 1(B1), p1(B,)) = p1(C).

But now, the computation of equation (4.3) with 2; = b, = (i7) "' p,(B,), 4, = b, = (3) ' p,(B,) and
a =b = p,(C) shows that

9(C) = (P (C), [C) = () pu(B1))™, [B1, M1) = (((5) " 21 (Ba))%, [Bo, M]) = 4(By) = 9(By),
which shows (4.2) and finishes the proof. ]

Remark 4.4. It should be pointed out in which sense is A(A4) an invariant. Let A4, and M, be two
smooth, compact, oriented 7-manifolds. Suppose there is an orientation preserving diffeomorphism
@+ M; — M,. Choose a compact, oriented 8-manifold B; with dB, = A;. Then, using a collar
neighborhood, we may take a compact oriented 8-manifold B, with 0B, = A1,, and extend ¢ to an ori-
entation preserving diffeomorphism ¢ : (B,, M;) — (B,, M,). Then, it is straightforward to check that
A(M,) = A(M,), so A is an invariant under orientation preserving diffeomorphisms.

Remark 4.5. Note that the 1 invariant of the standard 7-sphere vanishes. Indeed, if M = S’, we can
choose B to be the 8-disk D®. Then, the cohomology group H*(D*,§7) is trivial and hence q(DS) =
(D®) = 0.

4.2 Computation of 2(114/:)

Asin Lemma 2.11, we may consider the space B,f obtained by taking two copies of R*xD*and gluing
them through the diffeomorphism

g (R*\{0}) x D* — (R*\ {0}) x D*

(u,0) — (', 0") = ( d uhmj)

22 h+j
o™ el

Using a modification of Lemma 2.10, B,f is seen to be a smooth, compact, orientable 8-manifold with
boundary. Furthermore, ()B,f = ]VIZ, so conditions (i) and (ii) of Definition 4.2 are satisfied for the
manifolds ]l/I/Z. We can thus talk about the invariant l(]l/IZ).

We can also define orientable vector bundles §, ,j Over S* for arbitrary integers b, j in an analogous
manner. Namely, take as a total space F), ,; TWo copies of R* x R* and glue them with a diffeomorphism

& (R*\ {0}) xR* — (R*\ {0}) x R* defined as above. This is again a smooth manifold. Finally,
take as projection 7,; : £, — S* the inverse of the stereographic projection by the north pole on the

first component R* of the first copy of R*x R* and similarly by the south pole for the second copy of
R* xR*.

Classification of fiber bundles over the sphere

In this subsection we intend to generalize the concept of vector bundles in the sense of allowing fibers
to be arbitrary topological spaces. These new objects will be called fzber bundles. It turns out that fiber
bundles over the sphere S” are easily classified up to isomorphism by the homotopy class represented by
a particular map, as is stated below in Theorem 4.12. This applies in particular to vector bundles, but for
the sake of completeness and elegance, it is convenient to state everything in terms of fiber bundles and
then restrict ourselves to the case we are interested in. The main reference is | ], and an alternative
oneis [ ].
We begin by giving the definition of the notion of coordinate bundle.
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Definition 4.6. A coordinate bundle £ consists of the following objects:
(i) A topological space E called the total space,
(ii) atopological space B called the base space,

(iii) a continuous map 7 : E — B called the projection,

(v) atopological group G called the structure group,

(vi) a faithful and continuous action of G on F, and

)
)
)
(iv) atopological space F called the fiber,
)
)
)

(vii) a collection {(U}, ¢,)},¢; called local trivialization, where {U}},.; is an open cover of B and
¢, : UxF — 7 ()

are homeomorphisms. The objects U, ¢; and (U}, ¢;) are called coordinate neighborhood, coordinate
function and coordinate system, respectively.

These are required to satisfy the properties below:
(a) (meo¢;)(b,x) =btoreveryiel,beU,x¢€F.
(b) Let¢,, fori € Iand b € U, be the map

40 F =77 0)
x = ¢,(b, x).

Foreach7,j € Tandeach b € U n Uj, the homeomorphism ¢l_b1 ° Py F — F must coincide with
the operation of a unique element of G, which we denote by glj(b).

(c) Foreachs,j €I, themap g, : U;n U; — G defined above must be continuous.

Definition 4.7. We say that two coordinate bundles £ and 7 with local trivializations {(U}, ¢;)},¢; and
{(Us¢i)}jes U 0] = @), respectively, are equivalent if they have the same objects from (i) to (vi) in
the definition above, and {(U], ¢;) } <1, is the local trivialization of a coordinate bundle also having these
same objects.

It is easily checked that this is an equivalence relation. Hence we may define a fiber bundle as an
equivalence class (under the above relation) of coordinate bundles.

Remark 4.8. It is worth noting at this point that an R”-bundle is a fiber bundle with fiber R” and
structure group GL(z, R), an oriented R”-bundle is a fiber bundle with fiber R” and structure group
GL, (n,R) (matrices with positive determinant), and finally, a C*-bundle is a fiber bundle with fiber C*
and structure group GL(n, C).

Definition 4.9. We say that the structure group G of a fiber bundle can be reduced to a subgroup H < G
if alocal trivialization {(U}, ¢;)},; can be chosen so that g; (b)) € H foreveryi,j € Jandb € U nU,. In
this case, we may regard the bundle as a fiber bundle with structure group H.

Remark 4.10. The structure group of any R”-bundle over a paracompact space can be reduced to O(#).
Indeed, fixing an Euclidean metric on the vector bundle and using the Gram-Schmidt process, allows us
to choose coordinate functions that send an orthonormal basis of R” to an orthonormal basis of each
fiber. Similarly, the structure group of any oriented R”-bundle over a paracompact space can be reduced
to SO(n). As all the spaces we consider in this work are paracompact, we will assume the latter reduction
for the oriented vector bundles of this subsection.
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As promised, the isomorphism class of fiber bundles over §” with structure group G is determined
by the homotopy class of a certain map. We now explain how this map is constructed.

Definition 4.11. Let £ be a fiber bundle over §” with group G. One can always take a trivialization of
the bundle consisting of two coordinate neighborhoods 7;,7; < §” that contain the equator S”~! ¢ ",
Furthermore, one can choose a point x, € $”~* such that the coordinate transformation g,, : ¥;n¥;, — G
sends x, to the zero element ¢ € G.> Restricting g, to the equator S*~ gives a function

T; = giajet : (8771, %p) = (G o)
that will be called characteristic map of £.

Theorem 4.12. (Classification of bundles over S") Two fiber bundles £, y over S" with common fiber F and
path-connected group G are isomorphic if; and only if, their characteristic maps Ty and T, are homotopic.
Fiber bundles over S™ with group G are thus classified up to isomorphism by the homotopy group m,_ (G).

A proof can be found in section 18 of [ ] orin chapter 1 of [ ].

For the vector bundles §,; we have defined above, the equator S® ¢ S*isidentified under stereographic

projection with the unit quaternions, also denoted s? c R%, Using this, we obtain characteristic maps

=T+ (8,1) = (SO(4),id)

given byﬁ)j(u) v = d"vid for anyu € S°,v € R*.

We will need the following lemma.

Lemma 4.13. Denote by i the R™-bundle over S” with characteristic map f : (8", %)) — (SO(m), id)
and assume that m is even. Then

T @ = e @
where €" is the trivial R”-bundle over S” and fg is obtained by pointwise matrix multiplication, i.e.

() () = f(u) - g(u).

Proof. (from [ 1) The bundle & @ & has characteristic map /' @ g : §"! — SO(2m) such that
(f ® g)(u) consists of f(#) in the upper left block and of g(#) in the lower right one. Since SO (2m) is
path-connected, we may consider the path y : [0, 1] — SO(2m) that starts with the identity matrix and
ends with the matrix that acts by (%, #,) — (#,,%,) for any u,,u#, € R”. Notice that the latter matrix
lives in SO (2m) because m is even. Then, the product (f @ id)y () (id @ g)y(¢) gives a homotopy from
f ® gto fg @ id, which is the characteristic map of Tpg @ e”. O

Partial computation of p; ()

As a first step, let us show the following.
Lemma 4.14. p,(§,;) is linear with respect to b and j.

Proof. Notice that the pointwise matrix multiplication f ;(«)-f; , () equals f,; ;, + (#). By Lemma 4.13
and the properties of Pontrjagin classes, we have

PG i) = PGy juy © é') = G @8) =p&)p& )

Keeping only elements of degree 1 (i.e. belonging to H*(S*)), we obtain p, (&,, war) = Pr(G) (G )
O

*This is shown in section 18 of [ ].
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Lemma 4.15. p, (;"}7]) = c(b = j), where c is a suitable integer and 1 is a generator ()j"H4(S4).

Proof. By the lemma above, we can already write p, (&, j) = (ab + bj)1. Notice that the assignments

(1, 0) — (1,0), (' ,0') — («',0') determine an isomorphism §, i S This is well-defined because

— v ol uou
v = = =

bt bt “h=j
[ e 7 e 7

Hence, ab + bj = —aj — bb for every pair of integers b, j. Rearranging, we can write (2 + &) (b — j) = 0
from which it is clear that 2 = —b. Setting ¢ = 4 finishes the proof. ]

Determination of the signature a(Bk8 )

The map p, : B; — S” obtained by restricting 7, i By S* to B} is a homotopy equivalence with

homotopy inverse the zero-section. Hence, @ = p; (1) is a generator of H* (B/f )andsois 8 = (") '
a generator of A 4 (B/f , ]VIZ). We claim that (82 is also a generator of H 8 (B/:3 , ]l/IZ). Indeed, it suffices to
check that the cup product pairing

HY (B}, M) x H*(B}, M]) > Z
(81> 8,) = (b1~ B | BS M7

is non-singular. This is a consequence of the fact that the sequence of isomorphisms
H*(BY, M]) = H*(BF) £ Hom(H,(B}), Z) & Hom(H* (B}, M), Z)

takes a class 8, € H*(B;, M) to the assignment 8; — (8, — B,, [Bf, M]]). Here, the map b is the one
in the universal coefficient theorem for cohomology 1.39 and D" is the Z dual of the relative Poincaré
duality isomorphism in Theorem 1.63.
We can thus choose the orientation of B/f given by the fundamental class [Bk8 , ]V‘[/Z] € Hy (B/i3 , ]l/I/Z) $O
that
(") '), 1B, M]]) = +1. (4.4)

In particular, this choice implies ""(B/f ) = +1.
Partial computation of p, (B})

We now fix integers b, j such that b + j = land h - j = k.

Lemma 4.16. We have an isomorphism of vector bundles
7(B}) = (ﬂ,jjfhj) 1B ® p,7(S")

Proof. After fixing a Riemannian metric on B/f , we may decompose z’(BZ5 ) as the Whitney sum of 7,4 (B/f )
(the vectors tangent to the fiber D*) and 7, (B;)* (the vectors normal to the fiber D*). Since p, : B, — S*
is a submersion, by the regular value theorem, we have 7,4 (B/f ) =g 7(S*). We can thus already write

T(B:) = T (B:) GBJo,;’r(S4). (4.5)

We now consider the vector bundle &, - We claim that the bundle 7. (£, j) consisting of vectors of 7(E), j)
that are tangent to the fiber R* is isomorphic to ﬁ;jé}gj. Indeed, since real vector spaces V" are canoni-
cally identified with their tangent space 7,/ for any v € V, we may identify the fibers £ (7g:(E;;)) =
I(E () (5,)) with the fibers 1*;(71’;]59 ) = Fr(9 (&) yielding the desired isomorphism.

Finally, observe that 7. (Bk8 ) = 7R (By)) B = (7:,:]5,7 )] B which, upon substituting in (4.5), finishes
the proof. ]
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Now, by the Whitney product formula, we have

2B = i (60 ) + 21 (i (5Y).

The first summand can be determined by naturality of the Pontrjagin classes under the sequence of bun-

dle maps
i hj
(”;jéaj)wf - ﬂl:jé;aj - fh]’)

wherei : By & F, ; is the inclusion. Since g, = 7, ; * 7, we have

2@ is) = sip(E)) = Aileh = )0) = cha.
For the second summand, taking elements of degree 1 in Theorem 3.61, we have
p(HP") = 2n—2)u (4.6)

Since S$* is diffeomorphic to the quaternionic projective line HP!, naturality implies p; (p; 7(84)) =0.
Hence, p; (B,f ) = cka.

Determination of the constant ¢

We now restrict ourselves to the case £ = 1. Consider the disk D® = {[« : v : 1]| ||l«||" +]o|* < 1} < HP?.

The assignments
(,0) > [w:1:y1+ 2| ]
(o)) o [Led L+ 2]
define a diffeomorphism BY — HP* \ D®.

Now, by equation (4.6), p; (HP?) equals twice a generator of A *(HP?). Since excision provides an
isomorphism H*(HP*) — H*(HP* \ D®) induced by inclusion, we also have that p, (HP* \ D) is
twice a generator of H*(HP* \ D). By the diffeomorphism B} = HP* \ D, p, (B}) is two times a
generator of H*(B}) as well. Finally, since p, (BY) = ca, we must have ¢ = +2.

After all the previous results, we may now state and prove the theorem that was the main goal of this
work.

Theorem 4.17. l(]l/IZ) = k* =1 (mod 7). Hence, whenever k* # 1 (mod 7), ]VIZ is an exotic 7-sphere.

Proof. By the choice we made in equation (4.4), we have q(B,f) = <((z'*)_1 (£2ka))?, [B,f, ]VI/Z]> = 4k°.
Substituting, we obtain
AM]) =8k -1=k -1 (mod?7).
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Proof of the main theorem
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